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Chapter 1

Introduction

1.1 Motivation

Nowadays, Flexible Endoscopy is a common medical procedure, which was invented
in 1809. By inserting a long, thin tube in, mostly the mouth or anus, the natural path-
ways of the body can be closely examined [1]. Iddan et al made a breakthrough
in the field of bio-robotics by pioneering the idea of wireless capsule endoscopy in
2000 [2], of which the first invention was released in 2001 [3]. This wireless capsule
is as big as a vitamin capsule and contains a camera that records and transmits the
video footage to physicians. By swallowing the capsule, places can be explored that
are normally not accessible for flexible endoscopy. [4]
Even though endoscopy is relatively noninvasive, it can have some serious conse-
quences. One of which is capsule retention which can result in a small obstruction
in the bowels, which may lead to surgery in bad situations. Capsule retention can
also result in perforation of bodily tissue. [5] [6] Research from a hospital in Sweden
showed that only 83% of capsule endoscopy procedures are completed.
To increase success rate for capsule endoscopy, control can be added to the cap-
sule itself. rotation has been shown to be possible by the use of a tri-axial magnetic
coil. [7] However, for propulsion multiple options are available. For example the
propulsion of a flexible tail that propels the capsule forward by the change in mag-
netic field [8]. Pulling the capsule forward by the use of magnetic field gradients are
also an option [9]. Since the capsule would be operating in a unidirectional field the
first option is not feasible. The second option is also not usable in a 3d operating
space. Therefore a third option has been considered: a helical tail. By inducing rota-
tion into the capsule with a helical shaped tail, it will be propelled forward [10], which
can be induced in any direction. This helical tail could be mounted on a capsule to
add the directional motion
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2 CHAPTER 1. INTRODUCTION

1.2 Research question

In preceding work, control of the capsule by the use of a tri-axial electromagnets and
static outside magnetic field, has been investigated. It is also known that the helical
tail can propel a capsule forward. What needs to be investigated is, what needs to
be in the capsule to bring this into real life. Therefore the question of this report
becomes; Is it possible to achieve tetherless directional control in a unidirectional
static magnetic field? And if this is possible: What are the technical specifications
needed for a prototype to achieve this directional control?

1.3 Technical level of the introduction

To answer the research question multiple aspects need to be introduced. The thesis
will start with an introduction to the overall systems and then will move on towards
the critical part of the coil system driving rotation in the capsule.



Chapter 2

Theoretical analysis of a wireless
capsule system

2.1 The system of a wireless endoscopy capsule

To start the analysis of the system to answer the research question, first we should
look at the overall system first. The system itself would be a capsule suspended in
a fluid, experiencing an external magnetic field B ∈ R3×1. In this capsule the whole
system for control will be contained, generating a magnetic moment m ∈ R3×1 using
a tri-axial coil. For the ease of modeling this system, the capsule will be seen as a
spherical capsule. If we look at the system, it can be seen that there are physical
interactions happening outside and inside the capsule. This thesis will first go into
the outside interactions and then link them to the inside interactions.

Figure 2.1: Schematic Overview of a tri-axial magnetic system in a fluid with viscos-
ity η. The magnetic moment m is generated by the tri-axial coil in <m
and an external magnetic field B in <0

3



4 CHAPTER 2. THEORETICAL ANALYSIS OF A WIRELESS CAPSULE SYSTEM

2.2 Kinematics of a wireless endoscopy capsule

If the system as a whole is seen, it is noted that the first step needed is to establish
a frame of reference to build upon. To start the simulation of the capsule reference
frames need to be determined. <b ∈ R3×1 is attached to the rigid body of the capsule.
There will be a global reference frame <0 ∈ R3×1 at the same place as <b, but not
rigidly attached to the body.

2.2.1 Rotational matrices of a 3D rigid body

To achieve rotation of the capsule first the difference in angle between the two refer-
ence frames has to be defined. This difference is defined as:

Θ =

φθ
 (2.1)

Where the rotation around the e1, e2 and e3 axis are respectively defined as φ, θ and
. To transform <b to <0 three rotational matrices are defined, one for each axis.

Rx =

1 0 0

0 cos(φ) −sin(φ)

0 sin(φ) cos(φ)

 (2.2)

Ry =

 cos(θ) 0 sin(θ)

0 1 0

−sin(θ) 0 cos(θ)

 (2.3)

Rz =

cos(ψ) −sin(ψ) 0

sin(ψ) cos(ψ) 0

0 0 1

 (2.4)

By multiplying these matrices we get the total rotation matrix used for transform-
ing the capsules reference frame, using 3-2-1 Euler intrinsic angles [11]. Resulting
in the following equation e1

e2

e3

 = Rz(ψ)Ry(θ)Rx(φ)

exey
ez

 (2.5)
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2.2.2 Torque balance of a wireless endoscopy capsule

The capsule can only rotates when a torque is exerted on the capsule itself. This
torque will be achieved by inducing a magnetic torque τm ∈ R3×1. While rotating the
capsule will experience a drag torque τd ∈ R3×1. This brings the torque balance to:

τm + τd = Iα (2.6)

However, if the Reynolds number Re < 10 the inertia term can be ignored [12]. The
Reynolds number is defined as:

Re =
ρvL

η
(2.7)

Where ρ is the fluid density, v is the fluid velocity, L is the characteristic length and
η is the fluid viscosity. To achieve a low Reynolds number one can tweak these
variables. To reach the low Reynolds number, normally robotics are in the millimeter
scale or smaller, which will result in a low result, however as working on a prototype
things tend to be bigger. The viscosity and speed can be tweaked to reach the
desired result. If the inertia is ignored a new torque balance can be defined:

τm + τd = 0 (2.8)

Where the drag torque and magnetic torque are defined as:

τd = 8πr3ηΩ

τm = m×B
(2.9)

Where r is the edge of the spherical capsule, η is the fluid kinematic viscosity, and
Ω is rotational velocity. This can be substituted in equation 2.8 we get an equation
for rotational velocity.

Ω =
m× B
8πr3η

(2.10)

This is the final equation for the overall situation of the capsule. This will be
expanded upon if we look at the inside of the capsule. Shown in figure 2.2

2.2.3 Magnetic moment of a tri-axial coil system

To drive the magnetic torque a tri-axial coil system will be used. However to know
what the specifications of such a system should be, the variables that change the
systems behaviour should be found. From equation 2.10 it can be seen that the
magnetic moment m is present. Magnetic moment can be defined as:

m = NSI (2.11)
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Figure 2.2: Schematic Overview of a magnetic moment generated by a coil, if an
angle between the direction of m and B is present, a torque τ

is generated to align the moment the torque

In which N is the number of turns of a coil, S is the area of a coil, and I is the current
of the coil. The magnetic moment of a coil can be increased by adding a core to a
coil. To calculate the magnetic moment of a coil we start at the magnetization of a
material.

m =

∫∫∫
V

MdV (2.12)

Magnetization is used in the Maxwell equations in the form of:

B = µ0 (H + M) (2.13)

Where µ0 is the permeability of a vacuum. By rearranging the equation by isolating
magnetization, the equation can be used to calculate the magnetic moment by in-
tegrating it to the volume of the core. Knowing that H can be transformed into B by
dividing it by the permeability of a material µ. Then by adding the two moments to-
gether we get a final magnetic moment equation. resulting in the following equation
which can be added to the the solenoid equation:

m =

∫∫∫
V

MdV =

(
µ

µ0

− 1

)
NSI

m =

(
µ

µ0

− 1

)
NSI +NSI

(2.14)

By introducing a core to the tri-axial coil system, we can get a bigger moment with
smaller dimensions. The assumption made by this is that the external magnetic
field will not influence the moment, however, this might not be the case. Since
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calculating the magnetic moment of the core the sum of all magnetic fields is used.
It is assumed that only the coils field can be used. If this is not the case the rotation
will not happen, since the core will have a moment almost aligned with the magnetic
field . This assumption will later be investigated during the validation of the theory
section.
Now the variables in the magnetic moment will be investigated. It will start by taking a
closer look at the current of the system, which will used to more accurately describe
the magnetic moment. Since normally a current in a system is constant, however,
if the system is rotating this will induce a back electromotive force. This will result
in lower electrical current through the system. Meaning this will change the current
with time, and will influence the magnetic moment in the system. The electro motive
force can be calculated by deriving the flux linkage with respect to time resulting in
the following equation:

emf =
dφ

dt
= NBAωsin (ωt) (2.15)

The electro-motive force is expressed in voltage and can therefore be transformed
into the current if divided by the resistance of the coil. Resulting on the current back
through the coil. The resistance of the coil will be later explained. Because it is not
constant.

Iback =
emf

R
(2.16)

The current generated back into the system, will change the current that is fed into
the system. Therefore the real current into the system is shown in equation 2.17

Ireal = I − Iback (2.17)

We can now change I to Ireal in equation 2.14, for a full written out derivation of the
current into the rotational velocity is in Appendix A.

If we now closer inspect the resistance R of the system. Normally such a re-
sistance value would be constant at room temperature. When the system is run it
can result in an increase in temperature of the tri-axial coil system. An increase
in temperature will result in an increase in resistance. Ohm’s law can be used to
investigate this:

P = IR2 (2.18)

If assumed that 100% of this power is dissipated in heat. Using the the length of
the wire we can calculate the weight of the coil. The temperature increase can then
be found using:

∆T =
P

mcp
(2.19)
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Where m is the mass, and cp is the specific heat capacity of the wire material. With
this also calculated we can calculate the new resistance using the temperature co-
efficient of resistance. This coefficient is a dimensionless number connecting the
temperature to the resistance [13].

R = Rref [1 + α (T − Tref )] (2.20)

Where Rref is the resistance normally determined from a data sheet. α is the the
temperature coefficient of resistance of a specific material. T the new temperature
and Tref is the environment temperature. Now equation 2.20 can be substituted into
2.15.
the last variable of equation 2.14 is the surface area of the coil. Because the coils
should be small in design, the surface area should be maximized to get maximum
torque. In this thesis a rounded rectangle geometry is used. This is since the coil
will have a higher area if a would be as big as a circle with the same radius. Figure
2.3 shows a representation of the geometry of the coil. The area of the coil for this
given geometry is represented by equation 2.21.

S = a2 − r2 (4− π) (2.21)

Where r is normally free to determine. Since the coils are made of wire, there is
a minimum radius that a wire can be wrapped. Determined by the minimum wrap
radius. [14] [15]

[h]

Figure 2.3: Schematic representation of a rounded rectangle coil with the side
length a, coil length L, the wire diameter d, and the minimal wrap ra-
dius r.
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2.3 Initial starting values of the capsule

If we assume initial conditions of a tri-axial coil system aligned with the coordinate
system, and a B field with only a component in the x-direction. If the coil aligned with
the y-axis is fired, the maximum torque can be found. Using equation 2.9, we can
substitute equation 2.14 and 2.21. We get the following maximum magnetic torque
(τmax)

τmax = −BxNIy
(
a2 − r2 (4− π)

)( µ

µ0

)
(2.22)

From this equation we can see that the maximum torque that is generated at the
start of the system it’s motion. This can be directly substituted in the torque balance
2.8. This then creates an expression for maximum rotational velocity possible for the
capsule.

Ωmax =
−BxNIy (a2 − r2 (4− π))

(
µ
µ0

)
8πredge3η

(2.23)

Where redge is the edge of the capsule for a spherical capsule and r is he minimal
wrap radius of the wire. These are generally used for eight times the wire diameter.
For the rotational velocity at all times a derivation was done which can be found in
Appendix A
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Simulation of a wireless capsule

3.1 Matlab model of a tri-axial coil system

All the previous mentioned equations are combined in a MATLAB R2020b model.
In the model 3 coils are aligned in an 3 way axis. The model consists of a sphere
suspended in a viscous fluid. Rotating on the origin of model.Before the simulation
can be ran, the environmental situations need to be set first. The first physical
constraint to be applied to the model is the temperature that the coils reach within the
set operating time. To prevent damage to the environment for commercial products
the maximum temperature is set to 70 degrees centigrade [16]. It is known that the
set-up will contain a maximum magnetic field strength of 0.13 T. The viscosity of
the set-up could be technically tweaked, however to reach low Reynolds numbers
a viscous fluid is preferred. This can be reached by the use of silicon oil. For the
simulations a fluid 10 times as viscous as water will be used. A iron core will be
added to the coils of the capsule. The last property is the wire. A 30.5 gauge AWG
wire is used as wire in the coil.

3.2 Model validation of coil in a magnetic field

To validate the theoretical analysis, a simulation of the coil system was done in
Ansys Maxwell. To mimic the Matlab set-up to parallel magnets are set in place with
the coil in the center. Using a transient simulation the torque and movement was
inspected. A schematic representation of the test setup is seen in figure 3.1.

Then a current is ran through the the coil in the magnetic field to see if the set-up
will move. First a setup with a core is inspected. With these specifications, 160 turns
area side of 0.7 cm and a current of 0.004 Amperes, and an iron cored coil. When
running the first simulation is was clear that a cored coil would not work. Ansys gave
an output of seemingly random vibrations, there was no time to further investigate

10
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Figure 3.1: Test setup in Ansys Maxwell

this behaviour. But for further simulations the assumption for magnetic field for a
core is not used. Therefore equation 2.22 & 2.23 lose the permeability parameters
and the higher moment.

To validate the MatLab model the same simulation is ran without a core and
for 60 seconds in Ansys and Matlab. The results are then compared. figure 3.2
shows both results of the simulations. As seen in the results the torque magnitude

Figure 3.2: Ansys Mawell simulation results & Matlab.

of Ansys Maxwell is the same as the magnitude from MatLab. with only a deviation
of 0.5µNm in the beginning from the Ansys simulation, this change can possibly be
explained by the increase of coil area with the addition of more layers, opposed to
the Matlab model that has a set area. The big difference starts at the rotational
velocities. The end location after 60 seconds is 5 degrees for Ansys and 25 degrees
for MatLab. This difference might be caused by using a wrong drag value in Ansys,
however, this was not able to be investigated due to time constraints. According to
the theory the rotational velocity is scaled with the drag coefficient, it is assumed
there was a mistake in the Ansys simulation. From the validation it can be seen that
the torques are correct. Since torque is directly related to magnetic moment of the
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coil and magnetic field. And the magnetic field was the same as in MatLab, bar small
changes deviations. It is therefore assumed that the magnetic moment produced by
the field is also correct. and is therefore assumed that the MatLab model can be
used to design the coils for the system itself.

3.3 Effects of increasing the number of turns of the
coil

One of the most important results we can get from the simulation is the size of the
coils, this is dependent on the increase of area of the coil and number of turns in the
coil. So a start is made by running the simulation with changing number of turns,
the influence of the increase of turns can be seen. As seen from equation 2.22, the
increase should be about a linear increase. The model is ran by increasing steps of
60 turns, to a maximum of 300

Figure 3.3: Magnetic torque increase (left) & angle difference (right) increase with
steps of 60 more number of turns.

As seen in figure 3.3 the maximum torque indeed increases linearly, however as
the sphere rotates it seems the torques get closer together. It has to be considered
that the capsule rotates at different speeds. as seen in the right side of figure 3.3
From this it can be seen that more turns is technically better, but has diminishing
returns when it keeps increasing. Another problem with increasing the number of
turns is that if the amount of turns is increased, the length of the coil increases as
well. Depending on the diameter of the wire. A coil can have multiple layers of
turns to increase the amount without making the coils extremely long. This however
makes the coils thicker and the area will change, with respect to the amount of layers
the coil will have.
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3.4 The effects of increasing the area of the coil

By increasing the area of the coil. The magnetic moment of the coil can be greatly
increased. By stepping the area from a side of 0.2 centimeter to 1 centimeter the
increase can easily be seen. The number of turns is set to 240. These results are
then plotted against time to see the differences an increase in area makes.

Bx(T ) N(turnsteps) Iy(A) a(cm) r(cm)

0.13 60 0.004 0.7 0.12

Table 3.1: Simulation parameters of the turn sweep simulation.
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Figure 3.4: Torque (left) & Angle (right) differences with the sides swept in steps of
0.2cm.

Figure 3.4 shows that the torque indeed increases quadratic. Showing expected
increases of torque in the system. It is seen in the figure that a too small coil size
of 0.2 will result in no movement. This is probably due to the counter electromotive
force resulting in a big enough counter current to result in a zero net movement.
Indicating that scaling too small will result in no results.
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3.5 The effects of increasing the current through the
coil

To investigate the influence of change in current, the model is swept from 0.004
Amperes to 0.02 Amperes. The turns are set to 240 and the side is set to 0.7 cm.
These results are represented in 2 figures

Figure 3.5: Torque (left) & Angle (right) change with an increasing current, flowing
into the coil.

As can be seen in figure 3.5 the torque maximum seems to change as linearly
as the begin maximum equations suggest. However, the more current is supplied
the speed and torque the results you get seem . Seemingly current can be increase
quite a lot, without increasing temperature drastically. In reality this would not be
possible due to the current pull needed. On a small system the battery life will be
severely limited with higher power draw.

Bx(T ) N(turns) Iy(A) a(cmsteps) r(cm)

0.13 240 0.004 0.2 0.12

Table 3.2: simulation settings of area simulation.

3.6 Design process of the final coils

To complete the design, a conclusion of design has to be made form different sim-
ulations combining the number of turns, the area of the coil and current. By simul-
taneous sweeps of turns, area, and current. All different combinations are graphed
and shown. By inspecting these graphs a conclusion can be made on the most op-
timal design that can be used in the final design.
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An optimal results was obtained at a coil with the following parameters, 160 turns,
consisting on 4 layers of 40 turns, and an area side of 0.7 cm and a current of 0.008
Amperes. Figure 3.6 shows a reasonable change in the orientation of the sphere.
By using these amounts of turns we get three coils that are 1.05 cm in length and 0.9
cm in width. These are hopefully small enough to house within a spherical container
of 1.2cm in radius.

Figure 3.6: Torque change with respect to time (left) & Angle change of the coil with
respect the magnetic field.



Chapter 4

Conclusions and recommendations

4.1 Conclusion

It is possible to design technical specifications of robotic prototype, which will be able
to achieve directional control with the use of a tri-axial coil that will drive the rotation.
A extensive model was created to inspect the different variables and the movement
of a spherical capsule. Using sweeps of current, number of turns and coil area, the
optimal values for the tri-axial coil system have been obtained. Using these values
the electrical components within the capsule can be determined to drive the system
wireless from the outside world.

4.2 Recommendations

In this work there are a few assumptions made that could be different than real
life. The area does not increase when multiple layers of turns are introduced, also
maximum torque is not constantly reached. If these things were implemented the
design of the coils could potentially be further minimized.
Future work should also include the production of a working PCB, with coils. When
the prototype is created, it can be tested in a laboratory environment to see if the
theoretical models and control theory works.
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Appendix A

Derivation of current and back emf

The derivation starts with equation A.1

Θ̇ =

(
1

8πr3η

)
B ×m (A.1)

Since it is a cross product, it would be preferable to expand this into a matrix vector
multiplication. This can be done by expanding the B vector into skew symmetric
matrix. With this expansion it ends up as equation A.2Θ̇x

Θ̇y

Θ̇z

 =
1

8πr3η

 0 Bz −By

−Bz 0 Bx

By −Bx 0


mx

my

mz

 (A.2)

With this expansion we can expand the moment vector more with its definition, re-
sulting in equation A.3. Since NS is a constant it can be taken in front to get equation
A.4 that is easier on the eyes.Θ̇x

Θ̇y

Θ̇z

 =
1

8πr3η

 0 Bz −By

−Bz 0 Bx

By −Bx 0

NS
IxIy
Iz

 (A.3)

Θ̇x

Θ̇y

Θ̇z

 =
NS

8πr3η

 0 Bz −By

−Bz 0 Bx

By −Bx 0


IxIy
Iz

 (A.4)

Since the Current into the system is influenced by the back-emf of the coils. There
will be a flow back of current that will make the actual current in the system lower.
We can capture this in the following form, as seen in equation A.5.IxIy

Iz

 =

IinxIiny

Iinz

−
IbxIby
Ibz

 (A.5)
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By substituting equation A.5 into equation A.4 we get equation A.6.Θ̇x

Θ̇y

Θ̇z

 =
NS

8πr3η

 0 Bz −By

−Bz 0 Bx

By −Bx 0



IinxIiny

Iinz

−
IbxIby
Ibz


 (A.6)

If the definition of Ib is expressed as in equation A.7. It can subsituted in equation
A.6 to get equation A.8. IbxIby

Ibz

 =
N |B|S
R

sin(

Θx

Θy

Θz

)

Θ̇x

Θ̇y

Θ̇z

 (A.7)

Θ̇x

Θ̇y

Θ̇z

 =
NS

8πr3η

 0 Bz −By

−Bz 0 Bx

By −Bx 0



IinxIiny

Iinz

− N |B|S
R

sin(

Θx

Θy

Θz

)

Θ̇x

Θ̇y

Θ̇z


 (A.8)

To simplify the equation we can substitute the skew symmetric matrix with Bm

Bm =

 0 Bz −By

−Bz 0 Bx

By −Bx 0

 (A.9)

Working this out further and simplifying we get.Θ̇x

Θ̇y

Θ̇z

 =
NS

8πr3η
Bm


IinxIiny

Iinz

− N |B|S
R

sin(

Θx

Θy

Θz

)

Θ̇x

Θ̇y

Θ̇z


 (A.10)

If this used equation A.11 arises, we can then further isolate Θ̇. The equation that is
gotten using this method is equation A.12.Θ̇x

Θ̇y

Θ̇z

 =
NS

8πr3η
Bm

IinxIiny

Iinz

− N2|B|S2

8πr3ηR
Bm sin(

Θx

Θy

Θz

)

Θ̇x

Θ̇y

Θ̇z

 (A.11)

Θ̇x

Θ̇y

Θ̇z


1 +

N2|B|S2

8πr3ηR

Bm sin(

Θx

Θy

Θz

)


 =

NS

8πr3η
Bm

IinxIiny

Iinz

 (A.12)

In order to divide the Bm sin function out we need to know what vector result comes
from it. The resulting vector can be seen in A.13. It is further worked out what the
term in between the brackets means.

Bsin = Bm sin(

Θx

Θy

Θz

) =

 Bz sin(Θy)−By sin(Θz)

−Bz sin(Θx) +Bx sin(Θz)

By sin(Θx)−Bx sin(Θy)

 (A.13)
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The fraction in front of the Bsin is simplified by the use of γ

γ =
N2|B|S2

8πr3ηR
(A.14)

Then for the final equation of which an inverse needs to be calculated is called A
and is defined as in equation A.15

A = (1 + γBsin) =

 γBz sin(Θy)− γBy sin(Θz) + 1

−γBz sin(Θx) + γBx sin(Θz) + 1

γBy sin(Θx)− γBx sin(Θy) + 1

 (A.15)

A can then replace the the whole term as seen as in equation A.16Θ̇x

Θ̇y

Θ̇z

A =
NS

8πr3η
Bm

IinxIiny

Iinz

 (A.16)

To get rid of the A at the left side of the equation we need to multiply A with its inverse.
This automatically also happens to the right side, resulting in equation A.17.Θ̇x

Θ̇y

Θ̇z

AA−1 =
NS

8πr3η
BmA−1

IinxIiny

Iinz

 (A.17)

The inverse of A can be calculated by the definition as seen in equation A.18.

A−1 =
A

|A|2
(A.18)

This is then carried out in the resulting in the inverse A vector as seen in equation
A.20

|A|2 = (γBz sin(Θy)− γBy sin(Θz) + 1)2 + (−γBz sin(Θx) + γBx sin(Θz) + 1)2 + (γBx sin(Θx − γBx sin(Θy) + 1)2

(A.19)
When this is substituted and multiplied with Bm the following equation is found to be
as in equation A.22

A−1 =



γBz sin(Θy)−γBy sin(Θz)+1

(γBz sin(Θy)−γBy sin(Θz)+1)2+(−γBz sin(Θx)+γBx sin(Θz)+1)2+

(γBx sin(Θx − γBx sin(Θy) + 1)2

−γBz sin(Θx)+γBx sin(Θz)+1

(γBz sin(Θy)−γBy sin(Θz)+1)2+(−γBz sin(Θx)+γBx sin(Θz)+1)2+

(γBx sin(Θx − γBx sin(Θy) + 1)2

γBy sin(Θx)−γBx sin(Θy)+1

(γBz sin(Θy)−γBy sin(Θz)+1)2+(−γBz sin(Θx)+γBx sin(Θz)+1)2+

(γBx sin(Θx − γBx sin(Θy) + 1)2


(A.20)
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BmA−1 =



Bz(−γBz sin(Θx)+γBx sin(Θz)+1)−By(γBy sin(Θx)−γBx sin(Θy+1)

(γBz sin(Θy)−γBy sin(Θz)+1)2+(−γBz sin(Θx)+γBx sin(Θz)+1)2+

(γBx sin(Θx − γBx sin(Θy) + 1)2

−Bz(γBz sin(Θy)−γBy sin(Θz)+1)+Bz(γBy sin(Θx)−γBx sin(Θy+1)

(γBz sin(Θy)−γBy sin(Θz)+1)2+(−γBz sin(Θx)+γBx sin(Θz)+1)2+

(γBx sin(Θx − γBx sin(Θy) + 1)2

By(−γBz sin(Θy)−γBy sin(Θz)+1)−Bx(−γBz sin(Θx)+γBx sin(Θz+1)

(γBz sin(Θy)−γBy sin(Θz)+1)2+(−γBz sin(Θx)+γBx sin(Θz)+1)2+

(γBx sin(Θx − γBx sin(Θy) + 1)2


(A.21)

Θ̇x

Θ̇y

Θ̇z

 =
NS

8πr3η



Bz(−γBz sin(Θx)+γBx sin(Θz)+1)−By(γBy sin(Θx)−γBx sin(Θy+1)

(γBz sin(Θy)−γBy sin(Θz)+1)2+(−γBz sin(Θx)+γBx sin(Θz)+1)2+

(γBx sin(Θx − γBx sin(Θy) + 1)2

−Bz(γBz sin(Θy)−γBy sin(Θz)+1)+Bz(γBy sin(Θx)−γBx sin(Θy+1)

(γBz sin(Θy)−γBy sin(Θz)+1)2+(−γBz sin(Θx)+γBx sin(Θz)+1)2+

(γBx sin(Θx − γBx sin(Θy) + 1)2

By(−γBz sin(Θy)−γBy sin(Θz)+1)−Bx(−γBz sin(Θx)+γBx sin(Θz+1)

(γBz sin(Θy)−γBy sin(Θz)+1)2+(−γBz sin(Θx)+γBx sin(Θz)+1)2+

(γBx sin(Θx − γBx sin(Θy) + 1)2



IinxIiny

Iinz



(A.22)
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