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Abstract— This paper deals with servo control of SISO
nonlinear systems driven by piezoelectric actuators operating
in highly uncertain conditions. A proportional-integral (PI)
Luenberger observer-based controller is systematically designed
to achieve accurate tracking performance, enforce desired
closed loop dynamics, as well as robust disturbance rejection
in the presence of nonlinearities and model uncertainties.
The controller presented offers many advantages including
simplicity, ease-of-tuning and implementation in wide variety of
applications involving piezoelectric-based actuators. Closed loop
experimental results show tracking performance robustness is
indeed realized in the presence of the plant nonlinearities and
the actuator hysteresis.

I. INTRODUCTION

This paper is concerned with robust servo control of SISO
nonlinear systems driven by piezoelectric actuators. The sys-
tem dynamics include both actuator and plant nonlinearities
making the analysis and control design more general. Piezo-
electric actuators are becoming increasingly more popular for
different applications including positioning and manipulating
objects at nano-scale, atomic force microscopy, fuel injection
and many others [1],[2],[3],[4]. Refer to the survey [5] for
a more comprehensive list of recent applications. The key
component in most of these applications is the piezoelectric
actuator which functions as an electro-mechanical trans-
former of electric voltage into mechanical forces/torques [1].
However, the voltage-to-displacement behavior is inherently
hysteretic in nature which degrades the actuator accuracy and
could lead to closed loop limit-cycle oscillations, see [6] and
the references therein.

Recently, numerous control methods have been developed
for hysteresis compensation. They can generally be described
as (i) inverse, and/or (ii) non-inverse-based hysteresis com-
pensation. The former approach is comprised of a cascade of
a hysteresis inverse model and application-dependent outer
controller [6]. On the other hand, non-inversion-based hys-
teresis compensation employs an “approximate” hysteresis
model in the control design [7]. In either type, there are many
feedback control strategies including PID-type controllers,
H∞/loop-shaping, sliding mode and nonlinear adaptive con-
trollers to name a few. Refer to [5],[6],[7],[8],[9] and the
references therein.
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In most of these works, the actuator is treated as a stand-
alone dynamical system made of linear dynamics preceded
by a nonlinear hysteresis block. This, however, neglects the
coupling between the actuator and the plant which inevitably
happens in the aforementioned applications. Further, hystere-
sis characteristics and mechanical stiffness of piezoelectric
actuators vary significantly under mechanical loading and
temperature variations imposed by the environment they are
intended to operate in [10][11]. Thus, achieving realistic
robust hysteresis compensation and reference tracking over
wide range of operating conditions, it is necessary to design
the closed loop system to be robust against effects introduced
by plant dynamics.

This paper presents a unified approach to robust servo
control of nonlinear systems involving piezoelectric actua-
tors. The closed loop is composed of a proportional-integral
(PI) Luenberger observer-based controller to achieve desired
tracking performance and disturbance rejection in presence
of plant parametric uncertainty and nonlinearities as well
as the actuator hysteresis. PI Luenberger observers have
good robustness properties which make them attractive for
many classes of nonlinear and uncertain systems [12],[13].
Motivated by recent work on robust disturbance observers
(DOBs) [6],[14], connection between classic DOBs and
extended state observers is established [15]. Using the latter,
a Luenberger observer is designed in this paper based on
the internal model principle [16][17] for output feedback
servo control. The main contribution of this paper is twofold:
(1) theoretically, a unified, largely self-contained treatment
of robust extended-state observers is presented for servo
control. Necessary and sufficient conditions are given for
the existence of such observers for SISO systems, based on
mild conditions on the nominal plant dynamics. Also, the
robustness analysis presented is sufficiently general to be
applicable to a wide class of uncertain feedback systems, (2)
practically, the resulting controller is of the classic observer-
based architecture which can be simply computed as static
gains, making it easy-to-tune and readily implementable in
many industrial/research applications. Further, the experi-
mental results given indicate that the feedback system did
achieve robust tracking performance and non-inverse-based
hysteresis compensation.

II. PZT ACTUATOR MODELING AND EXPERIMENTAL
VALIDATION

A. Lumped Electromechanical Modeling

The PZT actuator studied in this paper is depicted in Fig.
1. In this figure, a power amplifier is used to produce the



Fig. 1. Lumped electromechanical dynamics of the PZT actuator with
nonlinear spring K (.)

input voltage vin across the PZT1. The equations of motion
presented here follow the dc-motor equivalent model given in
Goldfarb et. al. [1] for a lumped-parameter electromechanical
system for the PZT actuator, see also [18] and the references
therein. The main focus of the subsequent analysis is robust
servo control design. The PZT dynamical equations are
Mechanical sub-system:

mAẍA +bAẋA + kAxA = F −K (xA)−d, (1a)

Electrical sub-system:

F = T vt = T (vin − vH) ,
q̇ = T ẋA + q̇c,

vin =Vg
D(ev)

1−D(ev)
,

ev = u− vin,

(1b)

In (1a), xA is the measured PZT stack endpoint displacement,
mA, bA and kA are the lumped mass, damping and stiffness,
respectively, F is the actuation force, K (xA) represents a
nonlinear spring force mechanism and d is an exogenous
disturbance. In (1b), T is the electromechanical transformer
ratio constant, vin is the (averaged) input voltage, vH is the
voltage drop across the hysteresis nonlinearity H (q) and q is
the PZT total charge. The input voltage vin is related to the
source voltage Vg by the scaling factor D(ev)

1−D(ev)
[19], where

D(ev) is the amplifier duty cycle as a function of the voltage
tracking error ev. In the sequel, the reference voltage u is
considered the control input to the PZT actuator plant.

It is noted that (1) includes two main nonlinearities: the
PZT hysteresis H (.) and the nonlinear spring force K (.). The
combined effect of both nonlinearities can be characterized
experimentally by plotting xA vs. vin for different desired
inputs u(t). The data plotted in Fig. 2 reveals dead-zone
like behaviour and significant hysteresis in the PZT motion.
The presence of these nonlinear effects as well as exogenous
disturbances d (1a) will be dealt with in the controller
presented in subsequent sections.

For the purposes of servo-control design, the physical
parameters in (1) can be adjusted to fit experimental data.
However, with limited available measurements, namely xA,
and the presence of the nonlinearities: H (.) and K (.) whose

1Details of the voltage feedback loop are not needed in this work, hence
will not be discussed further. Extensive analysis of these circuits is found
in [19].

Fig. 2. Combined nonlinear effect of K (xA) and H (q)

structures are assumed unknown a priori, individual param-
eter estimation might not be simple. Instead, input-output
transfer function identification is employed to capture the
underlying dynamics from u to xA.

B. Transfer Function Identification and Validation

Using experimental data, it is desired to approximate
the PZT actuator dynamics from the input voltage u to
the output position xA as an LTI system of given order.
This can be efficiently done using the system identifica-
tion toolbox in Matlab [22], for excitation inputs u(t) =
Asin(ωt)cos(2π ( f0 +β t) t), with excitation frequency f =
f0 + β t. In the absence of exogenous disturbance d, the
following normalized responses are obtained, corresponding
to A = 0.25 and 0.5, respectively.

The transfer function estimates in Fig. 32 are

P1 (s) =
1

0.006s+1
, P2 (s) =

1
0.04s+1

(2)

Clearly, the bandwidth of the obtained transfer functions
varies with the input amplitude. Further, as Fig. 2 indicates,
small xA values are largely affected by dead-zone like spring
forces. This nonlinear behavior can not be predicted by the
transfer functions (2) as shown in Fig. 4.

C. Actuator Uncertain Dynamics

Let xA be denoted by xp, the discussion above suggests
that the PZT actuator plant (1) can be approximated as

ẋp = (Ap +∆Ap)xp +Bp (u+d +∆(xp,u)) , (3a)

yp =Cpxp, (3b)

where xp (t) ∈ R is the PZT displacement, d (t) ∈ R is the
exogenous disturbance, and ∆(xp,u)(t) ∈R is the combined
effect of H (.) and K (.). The uncertain system (3a) is nom-
inally linear with perturbations from the parametric (time-
varying) uncertainty ∆Ap (t) due to bandwidth variation, and
the nonlinear term ∆(., .). This model is used for robust
performance analysis in subsequent sections.

2The command pem is used from the system identification toolbox.



(a) P1 (s) = 1
τ1s+1 (b) P2 (s) = 1

τ2s+1

Fig. 3. Model response vs. experimental data

III. SERVO CONTROL SYSTEM

The rest of this paper is concerned with (3), where the
functional form of ∆(., .) is assumed to be unknown or
not exactly known. Henceforth, for sake of generality, it is
assumed that Ap ∈Rnp×np . Further, it is assumed that ∆(., .)
is piecewise continuous and satisfies

• (A1) The map t 7→ ∆(xp (t) ,u(t)) ∈ L∞ (Ω) , Ω ⊆ R,
such that

∥∆∥L∞ := sup
{[xp(t)u(t)]T∈Rnp+1: t≥0}

|∆
(
xp (t) ,u(t)

)
|< ∞. (4)

The assumption (A1) requires minimal knowledge about
the nonlinearity ∆(., .). Moreover, the bound (4) can be
satisfied by many nonlinearities arising in wide variety of
dynamical systems including flexible-joint robots, classes of
chaotic systems as well as a number of play-stop hysteresis
operators, see [15][23] and the references therein.

A. Extended-State Observer-Based Controller

Let the nominal plant dynamics be given by the SISO
transfer function

Pn (s) = Bp (sI −Ap)
−1 Cp, (5)

where it is assumed that
• (A2) The pair (Ap,Bp) is stabilizable.

Define the augmented state vector x̂ :=
[ xp

xw

]
, where xw (t) ∈

Rnw is the state of the exo-system defined below. The control
objective is to achieve robust asymptotic reference tracking

lim
t→∞

|r (t)− yp (t) |= 0, (6)

where r is a bounded reference input. The control input u is
produced by the observer-based compensator [20]

˙̂x = Ãx̂+ B̃u+L
(
yp −C̃x̂

)
,

Ã =

[
Ap BpCw
0 Aw

]
; B̃ =

[
Bp
0

]
; C̃ =

[
Cp 0

]
,

(7a)

u =
[
−Kx −Cw

]
x̂+Krr, (7b)

where L ∈Rnp+nw is the observer gain, Kx ∈R1×np is chosen
to set the eigenvalues of Ap −BpKx at desired locations in
the open left-half plane and Kr is a scaling gain to ensure
steady state tracking. Without any loss of generality, Kr = 1
for normalized plant dynamics studied in this paper. The

Fig. 4. Hysteresis for low actuator displacements

augmented system (7a) is comprised of (5) and an exo-
system to generate the fictitious disturbance/unknown input
w(t) ∈ R as follows

ẋw = Awxw, w =Cwxw; xw (t0) = xw0 ∈ Rnw . (8)

In particular, the control law (7b) can expressed as u =
−Kxx̂p − ŵ + Krr which incorporates the estimate ŵ to
achieve disturbance rejection. The following assumptions are
made

• (A3) The pair (Ap,Cp) is detectable,
• (A4) The pair (Aw,Cw) is detectable,
• (A5) The eigenvalues of Aw don’t coincide with the

zeros of Pn (s).

Assumption (A5) states that the disturbance state xw is
observable from the output yp. The existence of the observer
gain L is addressed in the following theorem.
Theorem 1 Assumptions (A3)–(A5) are necessary and suf-
ficient conditions for

rank
[

λ I − Ã
C̃

]
= np +nw (9)

for all eigenvalues λ ∈C of Ã. Then, there exists L ∈Rnp+nw

such that
˙̂x =

(
Ã−LC̃

)
x̂+

[
B̃ L

][ u
yp

]
(10)

is an asymptotically stable Luenberger observer for the
augmented system (7a).
Proof: It is noted that (10) follows directly from (9) using
the PBH observability theorem, [20] p. 256. The rest of the
proof can be found in the literature, see [15][14][12] and
the references therein.

Define the equivalent lumped disturbance deq := d +
∆(xp,u). Assume for appropriately chosen Aw that deq can
be expressed as

deq = w+δ =Cwxw +δ , (11)

where δ (t)∈R is a norm-bounded approximation error; that
is, |δ |∞ := sup

t≥0
|δ (t) | < ∞. Define x̃ :=

[
x̃p
x̃w

]
:=

[
xp−x̂p
xw−x̂w

]
∈

Rnp+nw , the nominal closed loop comprised of (3a) (with



Fig. 5. Exo-System as feedback interconnection of P̃ and K̃

∆Ap = 0), (7b), (10), together with (11) is written as

ẋcl :=
[

ẋp
˙̃x

]
=

[
Ap −BpKx BpK̄

0 Ã−LC̃

]
︸ ︷︷ ︸

Acl

[
xp
x̃

]
+

[
KrBp

0

]
r+

[
Bp
B̃

]
δ ,

(12)

where K̄ :=
[
Kx Cw

]
. Thus, Kx and L can be separately

designed for internal (exponential) stability of the nominal
closed loop.

B. Adding Integral Action
It is noted from Eq. (12) that x̃ isn’t controllable from

the reference r, and is influenced only by δ . The exo-system
(7a), as subsystem in (12) can be represented by the negative
feedback interconnection of

P̃(s) := L2Cp (sI − (Ap −L1Cp))
−1 Bp, (13a)

K̃ (s) :=Cw (sI −Aw)
−1 , (13b)

L =
[
LT

1 LT
2
]T

, (13c)

as depicted in Fig. 5. Consequently, by virtue of the internal
model principle [16], the effect of δ on the closed loop
tracking performance is reduced by including its dynamic
characteristics into Aw. However, in absence of a priori
knowledge of the spectral characteristics of the disturbance δ
(e.g. norm-bounded nonlinearities), it can be approximated as
“piece-wise” constant input, resulting in at least one integra-
tor in the exo-system dynamics to ensure robust disturbance
rejection. This implies, according to theorem 1, that Pn (s)
can not have any zeros at the origin.
Remarks:

• The synthesis of an optimal Luenberger observer (10)
can be formulated as a weighted-sensitivity H∞ opti-
mization of a fixed-structure controller. This gives rise
to a rank-constrained non-convex optimization, which
can be iteratively solved using techniques presented in
[15]. In this paper, robust eigenvalue placement is used
to compute the controller gains Kx and L.

• The inclusion of integral action in the exo-system is
key in the DOB-based performance recovery framework
presented in [6][15]. This enables DOB-based con-
trollers to reject signals not having well defined spectral
content. This also includes the class of exogenous
disturbances represented by polynomial in-time models,

i.e., w(t)=
N
∑

n=0
wn tn, which can be represented by higher

order disturbance models e.g., w(s) = 1
sk , k > 1.

IV. CLOSED LOOP ROBUSTNESS

The uncertainty ∆Ap (t) in Eq. (3) is assumed to have
norm-bounded, time-varying representation

∆Ap (t) = E1F (t)E2, (14a)

∥F (t)∥ ≤ 1, (14b)

where E1, F (t) and E2 are matrices of appropriate dimen-
sions. Bounded stability of the closed loop system (12) in
the presence of (14) is now established.
Theorem 2 Suppose that Kx and L are chosen such that the
eigenvalues of (12) have strictly negative real parts located
sufficiently far in the open left-half plane. Then the closed
loop system is uniformly bounded input-to-state stable in the
presence of (14).
Proof: The solution of the closed loop system (12) with (14)
is

xcl (t) = eAcl txcl (0)+
t∫

0

eAcl (t−τ) (ψ1 (τ)+ψ2 (τ))dτ,

(15a)

ψ1 (t) :=
[

KrBp
0

]
r (t)+

[
Bp
B̃

]
δ (t) , (15b)

ψ2 (t) :=−(E1F (t)E2) xcl (t) . (15c)

Given the linearity of Eq. (15a), it can be decomposed
into xcl (t) = x1 (ψ1)(t) + x2 (xcl (0) ;ψ2)(t). The first term
satisfies

|x1 (t) | ≤
2k
α

sup
t≥0

|ψ1 (t) |, (16)

where | . | is the standard Euclidean norm, ∥ . ∥ :=√
λmax{(.)T (.)} is the maximum singular value operator

norm, k > 0 and α > 0 are such that ∥eAcl t∥ ≤ ke−αt , [21]
p. 134, and |ψ1|∞ ≤ ∥Bp∥

(
|Kr||r (t) |∞ +

√
2|δ |∞

)
. On the

other hand, from (14), x2 satisfies |x2 (t) | ≤ ke−αt |x2 (0) |+
t∫

0
k∥E1∥∥E2∥e−α(t−τ) |x2 (τ) |dτ . This implies that

|x2 (t) |eαt ≤ k|x2 (0) |+
t∫

0

k∥E1∥∥E2∥eατ |x2 (τ) |dτ. (17)

Applying the Gronwall-Bellman inequality to (17), [20] p.
29, [21] p. 651, it follows that

|x2 (t) | ≤ k|x2 (0) |e−(α−k∥E1∥∥E2∥)t . (18)

Hence, |x2 (t) | is bounded if α = k∥E1∥ ∥E2∥, and tends to
zero if α > k∥E1∥ ∥E2∥. Both (16) and (18) guarantee the
closed loop (12) to be uniformly bounded in the presence
of the parametric uncertainty (14) .

The condition (18) can be readily satisfied via eigenvalue
placement control synthesis. Alternatively, if there exits λ ∗ >
0 such that ∥e−λ ∗ te(Acl+E1F(t)E2) t∥ < ∞ ∀ t ≥ 0, or tends to
zero as t → ∞, then the closed loop system (12) is uniformly
bounded. Using semi-definite programming techniques, this
can be expressed as sufficient robust-stability feasibility
conditions for given Kx and L [6][15][13]. However, the
results in the next section indicate that robust performance



Fig. 6. Step-input tracking: amplitude of 0.01

can be achieved for the closed loop eigenvalues designed to
have sufficiently negative real parts.

V. EXPERIMENTAL RESULTS

The nominal plant and exo-system dynamics are cho-
sen, respectively, as Pn (s) := Cp (sI −Ap)

−1 Bp = 40
s+40 =

1
0.025s+1 =: 1

τs+1 , and Aw = 0, Cw = 1, i.e. w(s) = 1
s . The

gain Kx = 10 is chosen to set the eigenvalue of Ap−BpKx at
−50, and the observer gain L =

[
42.26458 394.7842

]T

is chosen to place both eigenvalues of Ã−LC̃ at −(2π)20.
It is clear that assumptions (A2)–(A5) in theorem 1 are

satisfied. Also, the controller gains are internally stabilizing
for practically all τ > 0 values encountered in this work. The
controller is discretized at 2KHz and implemented using the
Simulink real-time toolbox/xPC Target environment within
Matlab R2013a.

Closed loop tracking responses are obtained for normal-
ized set-point inputs r (t) ∈

[
0 1

]
as shown in the figures

below. In all cases the output yp is the normalized position of
the PZT endpoint measured by a strain gauge. It is clear that
consistent tracking performance is successfully achieved for
different reference input amplitudes and waveforms. Also, as
shown in Fig. 7, the PZT hysteresis effect is linearized in the
reference-to-output closed loop response.

VI. CONCLUSIONS

This paper is concerned with robust servo control of a
class of uncertain SISO nonlinear systems involving actu-
ator hysteresis and plant nonlinearities. An extended-state
observer-based controller is presented to achieve robust
tracking performance. Necessary and sufficient conditions for
the existence of the observer are given and robust stability
analysis is presented. Experimental results of a PZT actuated
system show that closed loop robust tracking performance is
indeed achieved.

REFERENCES

[1] M. Goldfarb and N. Celanovic, A Lumped Parameter Electromechan-
ical Model for Describing the Nonlinear Behavior of Piezoelectric
Actuators. ASME Journal of Dynamic Systems, Meas. and Control,
vol. 119, pp. 478-485, 1997.

Fig. 7. Input-output relationship: input r and output yp, with proposed
control system

[2] M. Rakotondrabe, C. Clevy, and P. Lutz, Complete Open Loop Control
of Hysteretic, Creeped, and Oscillating Piezoelectric Cantilevers. IEEE
Trans. on Automation Science and Engineering, vol. 7, no. 3, pp. 440-
450, 2010.

[3] Y. Qin, Y. Tian, D. Zhang, B. Shirinzadeh, and S. Fatikow, A
Novel Direct Inverse Modeling Approach for Hysteresis Compensation
of Piezoelectric Actuator in Feedforward Applications. IEEE/ASME
Trans. on Mechatronics, vol. 18, no. 3, pp. 981-989, 2013.

[4] C. Satkoski, N. Ruikar, S. Biggs, and G. Shaver, Cycle-to-Cycle
Estimation and Control of Multiple Pulse Profiles for a Piezoelectric
Fuel Injector, Proc. of the American Control Conf., Washington DC,
2013.

[5] S. Devasia, E. Eleftheriou, and S. O. Reza Moheimani, A Survey of
Control Issues in Nanopositioning. IEEE Trans. on Control Systems
Tech., vol. 15, pp. 802-823, 2007.

[6] A. H. El-Shaer, M. Al Janaideh, P. Krejčı́ and M. Tomizuka, Robust
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