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ABSTRACT: Microrobotic surgery is a promising direction for non-invasive medical applications owing to
their small size, and wireless actuation, and ability to access small spaces in a versatile manner. In this thesis, a
motion control system for an untethered helical microrobot is investigated and designed. Resistive force theory
was implemented to predict the swimming velocity of the helical robot. In addition, the method of regularized
Stokeslets was applied to predict the fluid response and the flow field. A path following problem is formulated
using a local Serret-Frenet frame. Chained form is used to address the kinematics of the robot, as to decouple the
inputs and outputs of the controller. The results from the resistance force-based model provide a linear relation
between linear and rotational velocity and the required magnetic torques for a range of operating velocities.
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1 INTRODUCTION

Helical microrobots have potential biomedical

applications in the field of targeted therapy and

biomedicine. It is important to develop a numerical

model to predict the swimming speed of microrobots

to enable them to swim in conditions similar to those

encountered in vivo. Both the challenges of high

flow rates of bodily fluids and localization of the

microrobot in the body must be addressed in order to

translate these microdevices into in vivo applications.

For actuating the microrobot, a single rotating

permanent magnet configuration has been inves-

tigated by Fountain et al. [1]. Mahoney et al.
presented additions in orientation control [2] and the

management of the undesirable magnetic force [3].

The approach presented by Hosney et al. uses two

synchronized permanent magnets which cancel the

magnetic force along the lateral direction of the heli-

cal robot and produce pure torque. [4]. Controlling

the microrobot over different trajectories has been

achieved in open-loop by Ghost and Fischer [5, 6]

and closed-loop by Xu et al. [7]. Recently, aspects

such as the influence of the capillary wall [8, 9] and

time varying flow rate [10, 11] have also been inves-

tigated. Another challenge, working with ultrasound,

MRI and X-ray feedback with microrobots has been

proposed by Nelson et al. [12]. Ultrasound was

applied by Khalil et al. [13], MRI by Martel et al.
[14] and X-ray detection by Nguyen et al. [15]. Still,

detection is a challenge when scaling microrobots

down, geometry needs to be investigated for both

detection and swimming performance.

The focus of this thesis is a motion control model

for the microrobot, which allows for the evaluation

of geometry. We investigate the physical model of

the microrobot through resistive force theory (RFT)

and look at required magnetic torque. Additionally

the constraints on the kinematics of the microrobot

are put into chained form and are applied to a path

following formulation.

2 MODELLING OF HELICAL MICROROBOTS

The focus lies on the modelling and computations that

are required for evaluating geometry. The dynamic

system is modelled with RFT [16] and consequently

using the method of regularized Stokeslets [17]. After

this the kinematics are treated and the control formu-

lation is stated.

2.1 Modelling: magnetic actuation

The microrobot, shown in Figure 1, is parameterized

as a rigid helix. A magnetic material is attached to

one of its ends, also referred to as the head.

Figure 1: Helical microrobot geometry. L is the length of the

head, w is the diameter of the head, λ is the wavelength of the

helix, r the radius of the helix and d is the thickness.
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For the magnetic head, we assume a cylindrical per-

manent magnet with a constant magnetization (M).

Under influence of a rotating external magnetic field,

the microrobot will try to align the magnetization of

the magnetic head with the external magnetic field.

As the external magnetic field is rotated around the

axis of helix, the microrobot will correspondingly ro-

tate along its axis and consequently translate. The

external magnetic field is assumed uniform, therefore

the gradient of the field is zero. From this follows that

the magnetic force is zero. Only magnetic torque is

generated [18].

Tm = M×B (1)

In equation (1), Tm is the magnetic torque. Further,

M and B are the magnetic moment of the microrobot

and the external magnetic field.

2.2 Modelling: drag-based thrust

The robot swims in a low Re-number medium, where

viscous forces dominate. This approach allows the

Navier-Stokes equations to be simplified to the Stokes

equations, from which the drag force and torque on

the microrobot can be modelled. At millimeter scale

it has been shown that these equations still provide an

acceptable approximation even though the weight of

the robot influences the motion [12]. On the other

hand, Nelson et al. have indicated that gravity ef-

fects become more significant with the weight [12].

The gravitational force and torque are obtained from

Khalil et al. [19].

[
Fg

Tg

]
=

[
V (ρr − ρf )R

B
O

Og
(rcov − rcom)× Fg

]
(2)

Here V is the volume of the robot, ρr and ρf the

density of the robot and medium. Further, RB
O is the

rotation matrix from a stationary frame to the robot

frame and Og is the gravity in the stationary frame.

Furthermore, rcov − rcom is the difference between

the center of volume and mass of the robot.

The equation of motion is represented by drag,

gravity and magnetic components. Inertia does not

appear as it is negligible in the Stokes equations. We

consider far field fluid flow and therefore assume

no effect of boundaries on the fluid flow, which

completes the model.

[
ΣF
ΣM

]
=

[
Fd + Fg + Fm

Td +Tg +Tm

]
=

[
0
0

]
(3)

In equation (3), Fd is the drag force, Fm the magnetic

propulsive force and Td is the drag torque.

2.3 Modelling: resistive force theory

In order to model the drag on the helix of the mi-

crorobot, RFT provides a useful method to solving

equation (4). Drag force and torque are assumed

linearly dependent on velocity for the flagellum [16].

The appropriate force and torque can be found by

integrating over the helix. From Chwang and Wu the

integration constants are available [20].

An important and limiting assumption in this

method is that the helix is rigid and thin. The drag

force from the rotation of the thin flagellum about its

own center is neglected. This allows the drag torque

to be expressed as the cross product of drag force and

a moment arm related to the position of evaluation.

[
Fd

Td

]
=

[
A B
BT C

] [
V
Ω

]
(4)

In addition to the drag from the flagellum, the drag

from the permanent magnet also need to be modelled,

as it contributes to the drag force. Superposition is

used as the Stokes equations are linear and reversible,

so the contribution of the head is summed with that

of the helix.

From this model we can evaluate the geometri-

cal properties. As we are interested in the linear and

rotational velocity, we can now use equation (3) and

(4) to derive them from the magnetic torque.

2.4 Modelling: method of regularized Stokeslets

The method of regularized Stokeslets allows us to ex-

pand the applications of the model. Flexible geome-

try is allowed, although not applied in this case. In

addition, evaluation over surfaces is possible, which

allows any shape instead of only thin filament shapes

from RFT. The method of regularized Stokeslets al-

lows for evaluation of the resulting flow velocity in

the medium as well [17, 21]. Moreover, it allows for

heterogeneous properties, such as blood cells. Bruce

36



provides a simulation package in Matlab to apply the

method [22].

2.5 Kinematics of the helical robot

The microrobot has to follow a path in the medium.

The actuation is untethered, Figure 2 shows the kine-

matics of the situation.

Figure 2: Kinematics and frames of the microrobot and path

The following orthonormal frames and parameters are

defined for Figure 2.

• ΨB, the body frame of the microrobot, centered

at the center of mass. The tangent vector Tb is

normal to the magnetisation of the head.

• ΨF , the Serret-Frenet frame on the path defined

by parametrization s.

• ΨO, the stationary origin frame. The origin is

located at the beginning of path s.

We can transform from each frame with the transfor-

mation matrices defined below.

• HO
B , this equals rotation along the Oxyz axiis to

[Tb Nb Bb] and the translation of the origin de-

fined by the vector spanned between PO and Pb.

• HO
F , this equals the rotations along the Oxyz axiis

and the translation of the origin to the Serret-

Frennet frame.

The path should be a smooth curve in 3D space. From

the path r, constructed in frame ΨO, the parameters τ

and c follow from the Frenet-Serret formulas.

τ =
|ṙ× r̈|
|ṙ|3 (5)

c =
|ṙ× r̈|...r
|ṙ× r̈|2 (6)

In equation (5), τ is the torsion and in (6) c is the

curvature.

2.6 Physical model

The physical plant follows from the torque and

force balance in section 2.3. In equation (4) the

drag force and torque are mentioned. The deriva-

tion follows from integrating the drag force and

torque contributions from each segment over the

complete helix. In addition, these contributions are

projected from a local segment frame Ψs, a Serret-

Frenet frame, to the frame ΨB fixed to the microrobot.

The derivation for Fd and Td follow below.

Equation (7) expresses the drag force proportional to

velocity, this assumption follows from RFT [23].

sdFd = C sVs = C (RB
s )

T BVs (7)

In equation (7), sdF is the force locally on a helix

segment and sVs the speed of the segment in the trav-

elling Serret-Frenet frame Ψs. We transform to the

ΨB frame with the rotation matrix RB
s .

RB
s = [T̂ N̂ B̂] (8)

Where T̂, N̂ and B̂ are defined by the Serret-Frenet

equations.

T̂ =
r′

|r′| = (9)

N̂ =
1

c

dT̂

ds
(10)

B̂ = T̂× N̂ (11)

Here c follows from equation (6) and r is the helix

parametrization.

r =
[
W
2
cos (s) W

2
sin (s) L

2Nπ
s
]

(12)
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Consequently we can now define rotation matrix RB
s

from equation (8).

RB
s =

⎡
⎣

−a
2
√
a2+b2

sin (s) −a
2
√
a2+b2

cos (s) b

− cos (s) − sin (s) 0
b√

a2+b2
sin (s) b√

a2+b2
cos (s) a√

a2+b2

⎤
⎦
(13)

Where in equation (13), a = W
2

and b = L
2Nπ

.

Furthermore, BVs, the linear velocity of the segment

is expressed in the linear and rotational velocity of the

body.

BVs =
BV + BΩ× p (14)

Where BV is the linear velocity on the body in the

ΨB frame and p = r(s) the distance between the ori-

gin of ΨB and the local point on the helix. Next we

substitute equation (13) and (14) in equation (7).

RB
s

sdFd = RB
s C (RB

s )
T (BV + BΩ× p) (15)

Further, equation (15) can be expressed as sdFd.

BdFd = [RB
s C (RB

s )
T ] BV+

[RB
s C (RB

s )
T Sk[−p] ] BΩ

(16)

Here Sk is the skew-symmetric operator. Equation

(16) relates to A and B matrices from equation (4),

the C matrix is defined below.

C =

⎡
⎣Cs 0 0
0 Cn 0
0 0 Cn

⎤
⎦ (17)

From equation (17), Cn and Cs are the drag constants

from Chwang and Wu [20].

Cs =
2πμ

ln(0.72 L
N
π/W ) + 0.5

(18)

Cn =
4πμ

ln(0.72 L
N
π/W )− 0.5

(19)

In equations (18) and (19), μ is the viscosity. Cs and

Cn were derived from a 2-d sinusoidal shaped flag-

ellum. However, the constants are also applicable to

general 3-d flagella, as the constant Cn is applicable

to both B and N directions.

Next is the derivation for Td, for which we can

use a similar assumption relating torque and rota-

tional velocity [20].

sdTd = CmΩ (20)

Alternatively, we can also use the definition of torque

as the cross product of the moment arm, p and the

force BdFd.

BdTd = Sk[p] BdFd (21)

Using the alternative, equation (21) can be simplified

by using matrix manipulations and the definition of

the skew symmetric matrix, Sk[−p] = Sk[pT ].

BdTd = Sk[p][RB
s C (RB

s )
T ] BV +C BΩ (22)

Note from equation (22) that the matrix before BV,

can be written as BT after applying the matrix

rules for transposition. So this agrees with the

model from equation (4). Additionally, C in equa-

tion (4) is also visible to indeed be C in equation (22).

What is left is to integrate BdFd and BdTd

over the helix, which results in the drag force and

torque over the helix. Moreover, the drag force

and torque of the magnetic head are included by

superposing it with the drag force and torque for

the helix. This is an operation depending upon the

geometry and fluid properties used.

2.7 Control formulation

The system is non-holonomic, the total linear velocity

was taken out of the control and considered an input.

The resulting system will be derived in this section,

but the consequence of considering velocity as an

input is that the system is linear time invariant.

Therefore, state feedback is used for control.

Path following is chosen over trajectory tracking. The

error performance in space is more important than

that in time, therefore path following is preferred [7].

The reference signal is constructed by translating the

path following formulation to a trajectory tracking

signal. This transformation has negative effects, as

we now have the limitations from trajectory tracking

in the L2 norm error [24].

The reference signal is constructed subsequently.

Or(t) = Or0 +
OvFt (23)
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Here Or(t) is the reference position in time, Or0 is

the initial position. Further, the constant velocity of

the microrobot in tangent direction is transformed to

the Frenet frame. The transformation is in equation

(24) and (25), here the Nf and Bf directions are zero,

such that the velocity is bounded by the path r. This

ensures the distance between the microrobot and r(t)
is zero along the tangent direction in the Frenet frame.

OvF = HO
F H∗F

O HO
B

Bvb (24)

In equation (25) the rotation matrices are defined,

the vectors T, N and B are according to the standard

Serret-Frenet formulas.

OvF = [TF NF BF] [TF 0 0]−1 [OTB 0 0] Ovb (25)

Because vb is only non-zero in the tangent direction

for the microrobot in ΨB, HO
B is defined in this direc-

tion as OTB.

OTB = [cos θib cos θdb, − cos θib sin θdb, sin θib]
T

(26)

Here θib is the inclination angle of the body and θdb the

direction angle of the body, both according to Figure

3.

Figure 3: Error in angle of the microrobot

The inputs to the system are (BΩy,BΩz), which are

the rotations over the body axiis of the microrobot.

The state vector is (dy, dz, θie, θde). As the

problem is a path following formulation, the distance

in TF is zero and thus not included in the state vector.

In the state vector, dy and dz are the distances in the

NF and BF axiis between the microrobot and the

reference point on the path.

⎡
⎣ 0
N
B

⎤
⎦ =

⎡
⎣ 0
dy
dz

⎤
⎦ = FPb = HF

O
OPb (27)

Here Pb is the position of the body of the microrobot.

OPb = OPb0 +
Ovb t (28)

Here OPb0 is the initial postion of the body.

The angles θie and θde are the difference between the

inclination (θi) and direction (θd) angle of the path

and the microrobot tangent.

θi = θi + Ωy dt =

∫ t0

t

Ωy dt (29)

θd = θd + Ωz dt =

∫ t0

t

Ωz dt (30)

θie = θib − θir (31)

θde = θdb − θdr (32)

In equation (31), θib is the inclination angle of the

body and θir that of the path. Also, in equation (32)

θdb is the direction angle of the body and θdr that of

the path.

3 RESULTS

3.1 Control implementation of chained form

Samson offers an analysis and application of the

chained formulation for path following for non holo-

nomic mobile robots [25]. In addition, the notion was

presented that the non-linear chained form equations

become linear when the first input is taken out out-

side of the control. In case of helical microrobots the

velocity vb is taken at a constant value, resulting in a

system that is also time invariant. Oulmas et al. ap-

plies this and provides the chained form as in equa-

tions (33) and (34) [26, 27].

OΩz = (u2 − γ22)γ
−1
21 ) (33)

OΩy = (u3 − γ33 − γ32γ
−1
21 (u2 − γ22))γ

−1
31 (34)
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Here γ21 till γ33 are functions of the path r, s, τ , the

input Bvt and the error dy, dz, θie, θde.
u1-u3 and x1-x5 are presented in equations (35)-(42)

[26].

u1 =
BvT cos θde cos θie(1− cdy)

−1 (35)

u2 = −kd1u1x2 − kt1|u1|x3 (36)

u3 = −kd2u1x4 − kt2|u1|x5 (37)

x1 = s (38)

x2 = dy (39)

x3 = (1− cdy) tan θde + τdz (40)

x4 = dz (41)

x5 = tan θie(cdy − 1)(cos θde)
−1 − τdy (42)

Here kt1, kt2, kd1 and kd2 are the proportional and

derivative control parameters.

3.2 Control physical plant

In this section the state space equations of the physical

model are presented. Using the results from sections

2.1 and 2.6 the equilibria can be expressed.

Σ BF = A BV +B BΩ+ BFg = 0 (43)

Σ BT = BT BV +C BΩ+ BTg +M×B = 0
(44)

Equation (43) can be rewritten in terms of linear ve-

locity.

BV = A−1(−BFg −B BΩ) (45)

Alternatively, equation (43) can be rewritten in terms

of rotational velocity.

BΩ = B−1(−BFG −A BV) (46)

Substituting equation (43) in (44) provides the system

expressed in rotational velocity.

BΩ− (BTA−1B−C)−1 M×B =

(BTA−1B−C)−1(BTg −BTA−1 BFg)
(47)

Or alternatively for the system expressed in linear ve-

locity, we substitute equation (45) in (44).

BV + (BT −CB−1A)−1 M×B =

(BT −CB−1A)−1 (CB−1Fg −Tg)
(48)

Given that we use the chained form from section

3.1 and only require Ω, then equation (47) is used

to derive the differential equation and state space

representation. Gravity is excluded from the state

space equation, as the transformation matrix RB
O from

equation (2) can not be defined from the kinematics

from section 3.1.

The system input M × B is considered as a

proportional constant multiplied with error, the equa-

tion (46) can be rewritten as an ordinary differential

equation. The error is defined as e = θf − θb, where

θf are the reference angles and θb the body angles.

θ̇b + k[ [BTA−1B]− [C] ]−1 θb =

k[ [BTA−1B]− [C] ]−1 θf+

(BTA−1B−C)−1(BTg −BTA−1 BFg)

(49)

Equation (49) can be converted to the state space rep-

resentation.

θ̇b = −k[ [BTA−1B]− [C] ]−1 θb+

k[ [BTA−1B]− [C] ]−1 θf
(50)

y = [I] θb + 0 θf (51)

Equations (50) and (51) were derived in controllable

canonical form, because we only considered θ. If we

were to not use the chained equations, the error would

both be in angle and position. In that case we need to

introduce a different set of governing kinematic equa-

tions for the non-holonomic robot and solve the state

space representation in observable canonical form in-

stead.

3.3 Rotational and linear velocity

Using the results from section 3.2, equation (45) was

used to provide the linear velocity against rotational

speed. The values used for the A, B and C matrices

are provided by Mahoney et al. [6], but they can also

be derived from section 2.6.
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The geometric properties used during the simulations

are displayed in Table 3.3.

Table 1: Properties used in regularized stokeslets modelling. The

geometric properties are according to Figure 1.

Helix
λ (m) 6 10−4

d (m) 1.2 10−4

r (m) 2.5 10−4

N 2

Medium Homogenous

viscosity (Pa s) 1 (glycerin)

Magnet
Shape Cylindrical

L (m) 5 10−4

w (m) 1.5 10−4

The linear velocity is projected against rotational ve-

locity from these properties. The relation is linear up

to the step out frequency. The step out frequency is

not listed, as this depends on the magnitude of the

magnetic field and the magnetisation of the micro-

robot. We do not assume a value for these. In Figure

4 the velocity relation is displayed.

Figure 4: Relation between rotational and linear velocity

3.4 Chained formulation

The chained form equations from section 3.1 were im-

plemented in a Simulink model. First off, the path fol-

lowing formulation is demonstrated in Figure 5. An

arbitrary signal for the microrobot position is used,

in order to show how the reference follows. The ref-

erence trajectory keeps the error in position minimal

and does not increase the error by continuously pro-

gressing as trajectory tracking would.

Figure 5: Path following reference signal demonstration

Further, in Figure 6 the error in path following is

demonstrated. The performance is not as expected, it

is visible that initially the controller follows the curve,

but overcorrects the curvature and does not return to

the reference. The reasons for this are reserved for the

discussion in Section 4.

Figure 6: Path following of the microrobot

3.5 Physical model

The physical model from Section 3.2 was imple-

mented in a Matlab script, from which the required

magnetic torque can be calculated. Figure 7 shows the

relation between the phase difference in M and B for

a set of fixed values, only varying phase difference.
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Figure 7: Fixed values of M and B vs phase difference

Further, the step out frequency or rotational speed is

reached at 90 degree phase difference, where the cross

product is at maximum. Figure 8 shows the relation

between rotational speed and required torque at 90 de-

grees phase difference.

Figure 8: Rotational velocity vs required magnetic torque at 90

deg phase difference

The torque in Figure 8 was applied along the direc-

tional axis of the microrobot, which resulted in the

rotational velocity of the same axis.

4 DISCUSSION

In section 3.2 gravity was excluded from the state

space equation, as the transformation matrix RB
O

from equation (2) could not be defined from the

kinematics from section 3.1. In the chained form, the

inclination and direction angles are only constructed.

This is sufficient to define the tangent in the stationary

frame, yet this is not sufficient to define the normal

and binormal axiis, which are required for RB
O. If

we still want to account for gravity, modelling it as

a disturbance is a possibility. Otherwise different

kinematics are required that do allow for the complete

RB
O matrix.

In Section 3.3 the relation between speed and

rotational velocity was investigated. A limitation here

is that the simulation used for Figure 4 assumed a

spherical magnetic head. In our case, we intend to

simulate a cylindrical head. However, the relations

for Stokes flow allow for superposition and the Stokes

drag force from the head is linearly dependent on

velocity. Therefore, the impact is that the inclination

of the slope from the linear relation will only change.

In section 3.4 the results from the controller

built of the chained formulation presented by Oulmas

et al. [27] were not as expected. Without any physical

model behind it, it is surprising the error behaves

as it does in Figure 6. Despite varying the control

coefficients the model eventually deviates from the

reference. It was checked that the path following

reference signal does not malfunction and this did

not influence the results. However, upon logging

the signals it appears that γ21 till γ33 influence Ωxy

significantly. Also, because the γ terms multiply with

the controls u2 and u3, they directly influence the

magnitude of the control.

It is important to note that this formulation re-

quires the microrobot to be close to reference, which

is why in literature often the robot is initially guided

to the reference trajectory. In our simulations we

accounted for this, but it did not improve the results

sufficiently. In future work it would be suggested to

start over with a simpler model than that of Oulmas

et al. and to allow for continuous time operation.

In Section 3.4, the required magnetic torque was

evaluated using the physical model derived in Section

3.2. Comparing the results to research, the result in

Figure 8 is linear as expected [1, 12]. In addition,

we compared the results in torque magnitude from

Figure 8 to the results of Khalil et al. [13], which uses

a setup with a magnetisation and magnetic field that
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is capable of a maximum torque of 9.510−7Nm−1.

For a step out rotational velocity of 150 rad/s, our

model, with the geometry of [13], requires a torque of

1.510−7Nm−1. This is not unreasonable as the model

from Khalil et al. experiences more drag, as that

microrobot also rubs against blood clots to remove

them.

5 CONCLUSION

In this thesis resistive force theory was used to simu-

late the drag force and torque on a helical microrobot

that swims in a viscous medium. The model is re-

served to thin structures. A path following problem

is formulated for a reference that satisfies the Serret-

Frenet constraints. The problem is addressed with

a control formulation using the chained formulation,

however the behaviour was not as expected. The re-

sults from dynamic model that simulates the physical

plants were as expected and were verified with the re-

sults from other sources. The current model allows

for the evaluation of velocity performance for vari-

ous geometric parameters. For future work, it would

be interesting to investigate the open-loop motion re-

sponse. Further, expanding the dynamic model by

combining the resistive force derived dynamics with

the kinematic relations in chained form would be a

future challenge.
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