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ABSTRACT: Spermatozoa assemble into bundles to increase their net propulsive thrust and swimming speed in
viscous fluids. Here, we study the time-dependent short-range hydrodynamic interactions of Bovine sperm cells
on converging courses during bundle formation. The time-dependent wave variables of actively propagating
waves along the flagella are measured to reveal the influence of bundling on the waveform during flagellar
propulsion. Our theoretical predictions and experimental results show how the the waveform vary during three
bundling phases, consisting of far field-to-locking, spin-rolling, and steady-swimming. We show that sperm cells
adapt to their surroundings by synchronizing their mean flagellar curvature, amplitude rise, and wavelength of
their actively propagating waves, and assemble into bundles to increase their swimming speed.
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1 INTRODUCTION

Microorganisms often display efficient locomo-
tions strategies and properties in their environment.
These locomotions strategies have inspired engi-
neers to mimic biology, also referred as biomimet-
ics, to design tetherless micro-devices for microscale
applications[1]. In nature, cells have evolved an as-
tonishing array of appendages, structures, and kine-
matic strategies to generate superior propulsive thrust
in viscous fluids [2]. Their propulsion mechanisms
depend on the properties of the flow which are de-
fined by the Reynolds number (Re) that quantifies
the relative magnitudes of viscous and inertial forces
acting upon by the surrounding fluid. In the mi-
croscopic world where viscous forces are dominant,
the swimming conditions are characterized by low
Reynolds numbers (Re << 1), resulting in negligi-
ble inertial forces . The implication is that a motion
can be canceled completely during a complete time-
periodic motion. Microorganisms have overcome this
constraint by changing their shape in a nonrecipro-
cal periodic way, by means of rotating one or sev-
eral flagella in a helical and planar fashion, thereby
breaking time reversal symmetry [3, 4]. Replicating
the efficient flagellar propulsion of living cells in low
Reynolds numbers regimes has become one of the
main targets of micro- and nanorobotics for medical
practices.

1.1 Framework

In recent decades, the propulsion mechanism of
mammalian sperm cells have been mimicked for the
development of tetherless soft micro robot [5, 6].
Among the microorganisms living in our bodies,
sperm cells are considered to be fast paced [7]. They
owe their speed in viscous medium to their flagella
that initiate transverse bending waves propelling
them forward [8]. On their way to the fertilization
site, spermatozoa swim against various physiolog-
ical medium by swimming along circular paths
near surfaces and along helical paths far from any
boundary surfaces due to their observed asymmetric
flagellar bending waves [9]. As a result, these non
zero curvature trajectories cover a wider surface
area making it easier to find the egg. Furthermore,
when a viscosity change occurs in the background
fluid spermatozoa transition between planar and
helical flagellar propulsion allowing them to maintain
a relatively high speed regardless of the rheolog-
ical and physical properties of the medium [5] .
These undulatory systems are therefore attractive
for achieving controlled actuation by means of an
external stimulus. Due to their small size, sperm
microrobots could reduce the level of intervention
and help clinicians to access small spaces within the
human body in a noninvasive manner which has the
potential to decrease complications from traditional
surgery procedures [10].



The improved computational power enable modern
studies to perform high precision tracking of sperm
cells in order to investigate the flagellar wave of the
cells [9, 6]. The wave variables can be reconstructed
from the analysis of high-speed videoscopy where
the cells are hydrodynamically trapped near a surface
allowing to confine the flagellar beating in a planar
fashion, facilitating sperm tracking [11]. Instanta-
neous velocities of the sperms’ head were determined
using resistive force theory and were shown to
oscillate with the frequency ω of the flagellar beat.
Subsequently, the observed curved swimming paths
are a consequence of chiral propulsion by asymetric
flagellar bending waves which are dependent on the
viscosity of the fluid [9]. Additionally, the velocity
field given the force exerted by the flagellum on the
surrounding fluid can be determined using stokeslets
flow field theory. Khalil et al. demonstrated that
the velocity field created in close proximity to the
beating tail is greater than near the head at relatively
low actuation frequencies. As a consequence, the
pressure gradient in close proximity to the distal tip
of the flagellum is higher than the pressure close
to the head, and results in propulsion enhancement
[5]. Flow fields, propulsive thrust and frequency re-
sponses for motile sperm cells with a single flagellum
have been determined, allowing the realization of
soft actuated microrobots for in vitro experiments.
The key requirements for in vivo applications are
biocompatability with soft human tissues, remote
control mechanisms, highly efficient locomotion in
the low Reynolds number regime under physiological
conditions and cargo pick-up/drop-off mechanisms
[12].

Several prototypes have been created and were
succesfully controlled via external magnetic fields.
Magdanz et al. were the pioneer group to use real
sperm cells to propel a microrobot by encapsulating
them inside magnetic microtubes that can be remotely
controlled with low external magnetic fields [13].
Recently, Khalil et al have realized several mag-
netic sperm-templated microrobots by assembling
nanoparticles on bovine sperm cells. These sperm-
templated microrobot can swim with asymetrical and
symetrical flow field by changing the location of the
magnetized particles on the flagellum. Since they
are fabricated from a sperm template, they are highly
compliant, biodegradable, and biocompatible. Al-

though actuated at frequencies comparable to that of
live cells, their maximum swimming speed is still six
times lower than ATP-driven cells [6]. As of today,
generating high propulsive thrust with a relatively
weak magnetic field against nonuniform flowing
streams of bodily fluids remains a challenge that
inhibits the transition towards in vivo applications
[14].

It has been observed that sperm cells can increase
their propulsive thrust in order to overcome the drag
force on their head by bundling with other sperm
cells, resulting in multiple flagella. Many guidance
mechanisms help spermatozoa reach the fertilization
site. Besides chemotaxis ( behaviour of sperm cells
in response to chemicals), fluid flows, temperature
gradients and surfaces, interactions between several
sperm also play a role[15]. Especially in murine or
rodent sperm with a flat sperm head, bundling is
favoured [16, 17]. Known as sperm trains, these
spermatozoa attach by their heads which results
in collective swimming with increased velocity.
Empirical data have shown that sperm trains achieve
greater velocity, not by increasing speed but by
travelling in a more direct path than solitary cell [18].
Further, viscoelasticity of the medium was found to
promote collective behavior of sperm [19]. Hence,
cell-cell interactions seem to play a promoting role
in successful sperm migration to the fertilization site,
but few studies have investigated this phenomenon in
mammalian sperm [20]. Multiflagellated sperm and
tight bundling of long sperm ( in the millimeter range)
is found in many insects and remains an interesting
phenomenon to be studied [21, 22].

1.2 Aims and Approach

This article focus on the influence of sperm bundling
on the flagellar waveform of sperm cells in two dif-
ferent viscosities medium. These two different sce-
narios are presented in section A of Appendix. The
flagellar waveform is analysed when the sperm cells
assemble into bundles, which involves far field, spin-
rolling, and steady swimming phases. These transi-
tion and steady state phases are investigated by mea-
suring time-dependent wave variables to characterize
the flagellar propulsion using Fourier decomposition
of the waveform. Since dynamical systems in nature



often line-up there motion for greater effectivity, the
following research questions for a sperm clustering
behavior arise:

• Do flagella when they do not yet interact have a
different beat?

• When they interact do these beats synchronize or
do they further disperse? The former is expected.

• How does the bundling influence the flagellar
beat?

The mathematical approach in Friedrich serves as a
guideline to perform the analysis.

First, a high precision tracking data of the flagellum
changing shape from high speed video microscopy is
carried out to extract the shape of the flagellar beat.
The reconstruction of the flagellar wave form allows
to observe the evolution of the flagella waves during
the transition from single sperm cells to a bundle. The
interactions between the beating flagella are studied to
discover the optimal flagellar beat pattern of each flag-
ellum to enhance the propulsion of the bundle. Fur-
thermore, the speed difference of a single sperm cell
and sperm bundle can also be determined.

The remainder of the report is organized as follows.
In Section 2, the theory of flagellar propulsion is ex-
plained. Section 3 presents the high precision tracking
method that is used and the results that ensue. Section
4 covers the discussion of these results. Finally, the
conclusion and recommendations for future work are
given in Section 6.

2 PRINCIPLES OF FLAGELLAR PROPULSION
FROM SINGLE TO BUNDLE

The questions that arose in the introduction can be an-
swered by reconstructing a model that is dependent
on experimental data. This model omits parts of the
dynamics that are taking place but the overall picture
is still present. In this section, we shall go over the
mathematical model used for a single sperm cell and
see that it can be utilized for analysing spermatozoa
bundling.

Fig. 1: Snapshot of a beating bull sperm at time t. Orthonor-
mal vectors e1 and e2 are material frame for the sperm head.
The shape of the flagellum is characterized by the tangent angle
ψ(s, t) as a function of arc length s [9].

2.1 Kinematics of Single sperm Cells

Spermatozoa show a distinct mechanism of propul-
sion. This propulsion mechanism relies on the propa-
gation of transverse bending waves along the flagella.
Let us assume that the flagellum is a passive elastic
filament close to a planar boundary surface inside a
viscous fluid. The analysis can therefore be simpli-
fied to a two-dimensional projection where any out of
plane component of the flagellar beat are neglected.

Fig.1 shows a snapshot of a beating bull sperm with a
material frame for the sperm head denoted by a vec-
tor e1 parallel to the long axis of the head and e2

orthonormal to e1. Let express r(s, t) as the posi-
tion vector that denotes each points at a given time t
along the arc length of the centerline, s. Subsequently,
r(s, t) is expressed with respect to the material frame
of the sperm head whit r(t) being the posiion of the
head, r+r1e1 and r−r1e1 corresponding to the prox-
imal tip and proximal end respectively. The shape of
the flagellar centerline r(s, t) can be characterized by
a tangent angle ψ(s, t) that is measured for each arc
length position and denotes the angle enclosed by the
vector e1(t) and the tangent vector to the flagellar cen-
treline at r(s, t) (Fig.1). As stated in Friedrich work,
the full flagellar beat pattern can be reconstructed with
the above variables:

r(s, t) =r(t)− r1e1(t)

−
s∫

0

cosψ(u, t)e1(t) + sinψ(u, t)e2(t),

(1)



and the beat pattern can be simplified by taking the
following tangent angle:

ψ(s, t) = K0s+ 2A0s cos(ωt− 2πs/λ) (2)

where the wave variables K0 and A0 are the curva-
ture and bending amplitude of the wave pattern and λ
is the wavelength. For positive K0 > 0, the flagellar
beat bends more toward the positive direction of the
axis e2(t), while for negative mean flagellar curvature
K0 < 0 the flagellar beat bends more toward the neg-
ative e1(t). As a consequence, spermatozoa display
an asymmetric flagellar beat as mentionned in the in-
troduction.

Now let us consider a reference frame xy denoting the
plane of swimming. The cartesian coordinates (x,y)
and angular displacement (θ) can be measured with
respect to the reference frame and related to the cell
body frame(e1(t),e2(t)). These cartesian coordinates
can be written as [23] :

x(s, t) = x0 +

s∫
0

cosψ(u, t)du,

y(s, t) = y0 +

s∫
0

sinψ(u, t)du,

(3)

and provide kinematic description of the flagellar
shape. Further derivations such as the hydrodynamic
drag force density f(s) acting on cylindrical portion
of the filament can be mathematically written:

f(s, t) = ξ⊥v⊥(s, t) + ξ‖v‖(s, t), (4)

where v⊥(s, t) and v‖(s, t) are the velocity compo-
nents parallel and perpendicular to the filament cen-
terline respectively. For more detailed derivations, see
Friedrich [9].
Integrating the force from Eq.4 over the length gives
the net thrust force :

fvisc =

L∫
0

dsf(s, t) (5)

Subsequently, the translational velocities can be re-
trieved based on the thrust force of the flagellum
which in turn depends on the measurements of points
along the arc length of the centreline provided by
Eq.3:

Fig. 2: Schematic of the average velocity (VSL) and speed
(VCL). VSL is calculated by dividing the distance between the
initial and final position in a sperm trajectory (dashed line) by
the time ∆t employed to move; VCL is found by dividing the
length of the actual curvilinear trajectory (solid line) by ∆t [18].

Vx =
1

6πηaC1

fx
visc

Vy =
1

6πηaC2

f y
visc

(6)

The waves variables from Eq.2 are therefore key vari-
ables that completely characterize the flagellar beat of
the sperm cell. Using RFT, the swimming velocities
can be calculated as displayed above. Additionally,
velocity and pressure field can be determined using
RST.

Lastly, experimental velocities can be characterized
into two categories. The average linear velocity or
straightline velocity VSL and the swimming speed or
curlinear velocity VCL as shown in Fig.2.

The linearity of the trajectory is found by the expres-
sion V SL/V CL and describes the straightness of the
swimming path taken by the sperm cells.

2.2 Characterization of spermatozoa bundling

The swimming phenomena of a bundle consists of the
following phases: (1) far-field-to-locking phase; (2)
spin-rolling transition phase; and (3) steady swim-
ming phase. In the far-field-to-locking phase, the
cells, being single, are influenced by far field flow cre-
ated by neighbor swimming cells before assembling
into bundle. Once they are locked, the cells undergo a
spin-rolling motion about the vertical axis to reach a



stable configuration. This stable configuration is char-
acterized by the alignment of the long axis of both
heads’ cells. If this stable configuration is reached,
the sperm bundle swims by a regular flagellar beat.

Fig. 3: 2 sperm cells are superimposed onto each other after a
bundle. ie1 and ie2 are orthonormal unit vector of the ith cell
such that ie1 is oriented along the long axis of the head.

Eq.1 can be re-written for the bundling problem as
follows:

ir(s, t) =ir(t)− r1
ie1(t)

−
s∫

0

cos iψ(v, t)ie1(t) + sin iψ(v, t)ie2(t)dv,

(7)

where i denotes the ith cell, illustrated in Fig.3. From
there, all equations displayed above can be re-written
in this fashion and tangent angles, velocities, thrust
forces for each cells can be determined for every beat
cycles at each swimming phase. The influence of each
swimming phase on the flagellar beating can therefore
be analyzed for two videos with viscosities of 1.2 and
7 mPas.

3 TIME-DEPENDENT WAVE VARIABLES

3.1 Fourier Analysis of The Wave Pattern

The motion of bovine sperm cells is observed in flu-
ids with viscosities of 1.2 and 7 mPa s and the flagel-
lar waveform is measured while forming bundles. By
splitting up both videos into frames, a fourier anal-
ysis is perfomed to determine the full flagellar beat

throughout the three swimming phases. The kine-
matic equations (3) are used to fit a smooth function
in time and space to experimental data. These experi-
mental data are taken from points coordinates located
along the centerline of the flagellum and the tangent
angle for each point along the arc length are then mea-
sured from consecutive beat cycles of the flagellum.
The tangent angle of the flagellum can be decomposed
of its zeroth and first Fourier mode as higher modes
contribute less than 5% to the power spectrum :

iψ(s, t) ≈ iψ0(s) + iψ1(s)eiωit + iψ
∗
1(s)e−iωit, (8)

where iψ0(s) is the zeroth mode characterizing the
time averaged mean shape of the ith flagellum . The
first mode iψ∗1 denotes the complex conjugate of iψ1.
From the Fourier decomposition (Eq.8), the follow-
ing three waves variables that characterize the wave
pattern are obtained:

iK0s =i ψ0(s),
iA0s = |iψ1(s)|,
2πs/iλ = −argiψ1(s),

(9)

By fitting a line to the zeroth mode, the slope gives
the mean flagellar curvature K0. Similarly, the slope
of the fitting line to the absolute value of the first mode
|ψ1(s)| gives the amplitude parameter A0. Finally, λ
is defined by taking the inverse of the fitting line mul-
tiplied by 2π. The procedure is shown in Fig.10 (see
Appendix).

As already stated in the previous section, the param-
eter K0 measures the asymmetry of the mean shape
of the flagellum, the amplitude A0 indicates the bend-
ing amplitude along the arc length and λ is the wave-
length, which indicates the speed of wave propagation
along the flagelllum. These time-dependent waves
variables for both videos can then be determined and
plotted versus time. Furthermore, the mean of the
wave variables for each swimming phase can be put
inside Eq.2 so that velocities, thrust forces and flagel-
lar wave form can be retrieved.

3.2 Transition in High Viscosity Medium

In experiments with relatively high viscosity of µ =
7 mPa, two cells assemble into bundles, as shown
in Fig.13. In this case, the flagellar waveform of
the three bundling phases are measured to determine
the influence of each phase on the time-dependent



wave variables of both cells. In this experiment, the
two cells collide on an orthogonal converging course
(Fig.13 a-b). In the far field-to-locking phase, the av-
eraged mean flagellar curvature of the first and sec-
ond cells are 〈1K0〉 = 7.3 ± 0.8 and 〈2K0〉 =
8.9 ± 1.09 rad mm−1, respectively. As the distance
between the cells decreases, the mean flagellar cur-
vature of the first and second cells increases linearly.
During the same phase, the flagellar amplitude of
the first and second cells increases and decreases lin-
early as the distance between them decreases, and
their average amplitude rise are 〈1A0〉 = 12.5 ± 0.7
and 〈2A0〉 = 9.4 ± 0.8 rad mm−1, respectively, as
shown in Fig.4. Finally, the wavelength of the first
cell during this phase decreases linearly with the dis-
tance between the cells and its average is 〈λ1〉 =
40.1 ± 2.6µm, while the average wave length of the
second cell remained almost uniform with an average
of 〈λ2〉 = 36.01± 0.8µm .

Once the heads of the two cells touch, they start the
spin-rolling phase in which the two cells rotate about
the common axis ie1 × ie2. Note that the connection
between the phases is continuous and the mean flagel-
lar curvature of the first cell knows multiple increases
and decreases, while that of the second cell slightly
decreases in the first half of the spin-rolling phase and
exhibits a slight increase in the second half. The av-
erage mean flagellar curvatures of the first and sec-
ond cells during the spin-rolling phase are 〈1K0〉 =
8.02± 2.2 and 〈2K0〉 = 8.8± 1.8 rad mm−1, respec-
tively. Unlike the mean flagellar curvature, there is
a noticeable decrease at a constant rate in the ampli-
tude rise throughout the spin-rolling phase for both
cells. The average amplitude rise of the first and sec-
ond cell during this phase are 〈1A0〉 = 10.6± 1.6 and
〈2A0〉 = 8.3±1.7 rad mm−1. Finally, the wavelengths

exhibit multiple increases and decreases during the
spin-rolling phase and the average are calculated as
〈λ1〉 = 40.06 ± 3.8µm and 〈λ2〉 = 39.7 ± 5.4µm,
respectively. Note that there is a noticeable match
between the three variables near the end of the spin-
rolling phase near the 5 s mark.

Again once the long axes of the two heads align, the
bundle starts the steady-swimming phase and we ob-
serve that the respective mean flagellar curvatures and
bending amplitudes of the cells closely match. In this
phase, the mean flagellar curvature of the first and
second cells are 〈1K0〉 = 7.9 ± 1.1 and 〈2K0〉 =
8.2 ± 0.9 rad mm−1, respectively, while their corre-
sponding bending amplitude are 〈1A0〉 = 7.5 ± 1.3
and 〈2A0〉 = 6.1 ± 1.5 rad mm−1, and no noticeable
change throughout this phase is observed. Unlike the
mean flagellar curvature and amplitude rise, there is a
noticeable difference in the wavelength before and af-
ter the steady-swimming phase, and the first and sec-
ond cells have 〈λ1〉 = 39.8±2.8 and 〈λ2〉 = 42.3±4.8
µm, respectively. Furthermore, the corresponding fre-
quency of the flagellar beat for the cells closely match
during the steady-swimming phase with an average of
52 ± 8 and 50 ± 30 rad s−1. The mean values of the
wave variables for each cells in the three swimming
phases are displayed in table.1.

Another important measure of the cells and the bun-
dle is the linear (VSL) swimming velocity before
and after the bundling. In the far field-to-locking
phase, the velocities of the first and second cells
are 〈V SL1〉 = 35.2 ± 4.6 µms−1 and 〈V SL2〉 =
12.2 ± 3.5 µms−1, while the average swimming lin-
ear velocity of the bundle in the steady-swimming
phase is 42.15 µms−1. The increase in the swimming
speed of the bundle is a direct consequence of adapt-

Table 1: Experimental results of time-dependant wave variables with a viscosity of 7 mPas.
Swimming Phases

〈
1K0

〉 〈
2K0

〉 〈
1A0

〉 〈
2A0

〉
〈λ1〉 〈λ2〉

Far Field 7.3± 0.8 8.9± 1.09 12.5± 0.7 9.4± 0.8 40.1± 2.6 36.01± 0.8
Spin-Rolling 8.02± 2.28 8.8± 1.8 10.6± 1.6 8.3± 1.7 40.06± 3.8 39.7± 5.4
Steady-Swimming 7.9± 1.1 8.2± 0.9 7.5± 1.3 6.1± 1.5 39.8± 2.8 42.3± 4.8

Table 2: Experimentally determined velocity and thrust force with a viscosity of 7 mPas.
Swimming Phases 〈V SL1〉 〈V SL2〉 〈V CL1〉 〈V CL2〉 〈f1〉 × 10−11 〈f2〉 × 10−11

Far Field 35.2± 4.6 12.2± 3.5 56.3± 24.0 40.1± 15.2 1.2± 0.0061 1.01± 0.14
Spin-Rolling 36.06± 7.3 32.1± 9.6 59.0± 25.8 50.3± 25.7 1.12± 0.24 0.95± 0.313
Steady-Swimming 42.6± 3.6 41.7± 3.9 64.3± 21.5 65.2± 21.0 0.82± 0.22 0.68± 0.26



Fig. 4: Wave variables of two cells are measured during their transition from far field-to-locked phase to steady swimming phase in
SP-TALP with a viscosity of 7 mPa s. From top to bottom: Mean flagellar curvature K0 in rad mm−1; amplitude rise A0 in rad
mm−1; wavelength λ in µm; beating frequency ω in rad s−1; linear velocity VSL in µms−1; reconstructed average flagellar shape
for each swimming phase.

ing the flagellar waveform across the three phases. On
average, an enhancement in the swimming speed is
achieved as a consequence of bundling, and the swim-
ming speed of the bundle is faster than that of the
cells during any bundling phase. Furthermore it can
be noted than the linearity (V SL/V CL) in the trajec-
tory of the bundle is greater than single cells’. Lastly,
the thrust force produced by each cell decreases when
they form the bundle, from an average thrust force in
the far-field phase 〈f1〉 = (1.2 ± 0.0061) × 10−11µN
and 〈f2〉 = (1.01±0.14)×10−11µN to 〈f1〉 = (0.82±
0.22)×10−11µN and 〈f2〉 = (0.68±0.26)×10−11µN
in the steady swimming phase resulting in a more ef-
ficient energy consumption. The results for the mean

linear and curlinear velocities as well as the average
thrust forces delivered by each cells are displayed in
Table.2.

3.3 Transition in Low Viscosity Medium

In experiments with relatively low viscosity of µ =
1.2 mPa, the flagellar waveform of the three bundling
phases are once again measured to determine the in-
fluence of each phase on the time-dependent wave
variables. In this experiment, two cells on an paral-
lel converging course (Fig.14) assemble into a bun-
dle and undergo a 180 deg turn before entering the
steady state swimming phase. In the far field-to-



locking phase, the averaged mean flagellar curvature
of the first and second cells are 〈1K0〉 = 24.3 ± 3.2
and 〈2K0〉 = 31.01 ± 5.2 rad mm−1, respectively.
As the distance between the cells decreases, the mean
flagellar curvature as well as the amplitude rise of the
first and second cells remains almost uniform. The
average amplitude rise are 〈1A0〉 = 5.9 ± 0.1 and
〈2A0〉 = 7.4 ± 1.4 rad mm−1, respectively, as shown
in Table.3. Finally, the wavelength of the first cell dur-
ing this phase increases and decreases in a downward

fashion with an average of 〈λ1〉 = 92.4 ± 13.0µm,
while the average wavelength of the second cell in-
creases linearly and its average is 〈λ2〉 = 73.01± 8.6
µm.

Once the heads of the two cells touch, they start the
spin-rolling phase in which the two cells rotate about
the common axis ie1 × ie2. Note that the connec-
tion between the phases is continuous and the mean
flagellar curvature of the first cell continues to remain

Fig. 5: Wave variables of two cells are measured during their transition from far field-to-locked phase to steady swimming phase in
SP-TALP with a viscosity of 1.2 mPa s. From top to bottom: Mean flagellar curvature K0 in rad mm−1; amplitude rise A0 in rad
mm−1; wavelength λ in µm; beating frequency ω in rad s−1; linear velocity VSL in µms−1; reconstructed average flagellar shape
for each swimming phase.



Table 3: Experimental results of time-dependant wave variables with a viscosity of 1.2 mPas.
Swimming Phases

〈
1K0

〉 〈
2K0

〉 〈
1A0

〉 〈
2A0

〉
〈λ1〉 〈λ2〉

Far Field 24.3± 3.2 31.01± 5.2 5.9± 0.1 7.4± 1.4 92.4± 13.0 73.01± 8.6
Spin-Rolling 28.2± 4.3 35.05± 3.8 6.4± 0.8 7.7± 1.5 83.1± 8.2 83.4± 11.8
Steady-Swimming 25.4± 4.08 37.7± 3.07 6.1± 0.7 9.3± 1.9 84.6± 7.2 73.9± 6.8

Table 4: Experimentally determined velocity and thrust force with a viscosity of 1.2 mPas.
Swimming Phases 〈V SL1〉 〈V SL2〉 〈V CL1〉 〈V CL2〉 〈f1〉 × 10−12 〈f2〉 × 10−12

Far Field 32.8± 21.6 67.0± 17.3 178.1± 105.7 186.4± 87.6 1.2± 0.38 0.41± 0.96
Spin-Rolling 47.7± 25.5 48.2± 35.1 181.5± 88.8 177.5± 106.6 1.2± 0.68 0.0709± 0.65
Steady-Swimming 62.6± 35.8 62.5± 23.8 254.1± 113.6 239.3± 111.9 1.4± 0.51 0.92± 0.84

constant, while that of the second cell remains almost
constant in the first half of the spin-rolling phase and
exhibit a slight increase in the second half. The av-
erage mean flagellar curvatures of the first and sec-
ond cells during the spin-rolling phase are 〈1K0〉 =
28.2 ± 4.3 and 〈2K0〉 = 35.05 ± 3.8 rad mm−1, re-
spectively. Note that the values presented here are
kept positive in order to easily compare their magni-
tude but in this case the values of the flagellar cur-
vature of both cells are opposite in sign which re-
sult in a repulsive force onto each other tail, produc-
ing the 180 deg turn. Similarly to the mean flagel-
lar curvature, the amplitude rise of both cells remain
constant throughout the phase. The average ampli-
tude rise of the first and second cell during this phase
are 〈1A0〉 = 6.4 ± 0.8 and 〈2A0〉 = 7.7 ± 1.5 rad
mm−1, respectively. Finally, the wavelengths of both
cells are similar and stay relatively constant through-
out the spin rolling phase. The average are calculated
as 〈λ1〉 = 83.1 ± 8.2 and 〈λ2〉 = 83.4 ± 11.8 µm,
respectively. Note that there is a noticeable match be-
tween the three variables throughout the spin-rolling
phase.

Again, once the long axes of the two heads align af-
ter the 180 deg turn as shown in section C, the bun-
dle starts the steady-swimming phase and we observe
that the magnitude of the mean flagellar curvature and
bending amplitude of the cells do not match. Fur-
thermore, their flagellar wave are still out of phase
and therferore do not validate the steady swimming
phase. In this phase, the mean flagellar curvature of
the first and second cells are 〈1K0〉 = 25.4±4.08 and
〈2K0〉 = 37.7 ± 3.07 rad mm−1, respectively, while
their corresponding bending amplitude are 〈1A0〉 =
6.1 ± 0.7 and 〈2A0〉 = 9.3 ± 1.9 rad mm−1, and no
further noticeable change near the end of this phase

is observed. Similarly to the mean flagellar curvature
and amplitude, there is a noticeable difference in the
wavelength during the steady-swimming phase, and
the first and second cells have 〈λ1〉 = 84.6 ± 7.2 and
〈λ2〉 = 73.9±6.8 µm, respectively. However, the cor-
responding frequency of the flagellar beat for the cells
closely match starting from the end of the spin rolling
phase to the steady-swimming phase with average of
≈ 52 and ≈ 50 rad s−1.

Finally the bundling gives a net increase in average
linear velocity for the first cell. In the far field-to-
locking phase, the velocities of the first and second
cells are 〈V SL1〉 = 32.8±21.6µms−1 and 〈V SL2〉 =
67.0.8±17.3µms−1, while the average swimming ve-
locity of the bundle in the steady-swimming phase is
≈ 62.5µms−1. Moreover, swimming speed (VCL) in-
creases by a net margin as shown in table.4.

4 DISCUSSION

The time-dependent wave variables have been suc-
cessfully extracted from two videoscopies that put
on view the bundling process of two sperm cells in a
high and low viscosity medium. The high viscosity
video has shown to be much easier to analyze as
the flagellar beat pattern of the cells shows a net
dependence over the bundling process. This depen-
dence is characterized by a synchronization of the
wave variables as the heads of the cells align in the
spin-rolling phase. As shown in Fig.4, the difference
of magnitude between the respective wave variables
of both cells gradually decrease throughout the
transition and become equal in the steady swimming
phase. The mean flagellar curvature and the bending
amplitude become smaller while the wavelengths
increase, leading to two relatively flat flagellar waves



with a small amplitude and a large wave propagation
speed. Furthermore, the bundling process in this
video demonstrates speed enhancement, agree-
ing with the former assumptions. An interesting
displayed characteristic is the net difference in
swimming speed between the two cells in the far
field to locking phase which result in one cell (cell 1)
boosting the swimming speed of the other cell (cell 2).

Unlike the high viscosity video, the low viscosity case
exhibits a set of results that make drawing conclu-
sions challenging. The flagellar shape of both cells
are characterized by a large curvature and a small am-
plitude rise that stay constant along the swimming
process. No synchronization happens after the spin
rolling phase since the respective beat pattern of the
cells stay out of phase. In the spin rolling phase, the
cells undergo a 180 deg turn even though the cells
are already aligned with each other as they meet on
a parallel converging course, hence being already in a
stable configuration in order to reach a synchronized
swimming. This occurrence could be explained by 2
different reasons: First, the bundling causes the cells
to change their course of action. In fact, cells swim on
an average circular path and in this case the cells swim
on circular paths that are opposite in direction. Hence
the bundling has a direct effect on the 180 deg turn so
that the cells can start swimming in one same circular
path. The second reason could be related to a hydro-
dynamic interaction where the bundling has no cause
over the spin rolling transition. Indeed, the respective
wave variables happen to be equal in magnitude but
opposite in sign which result in similar flagellar waves
that are out of phase. This property induces repulsive
forces to act on each other flagellum, hence making
the cells rotate in opposite directions. The bundling
phenomena hardly shows any influences on the wave
variables, hence the low viscosity case requires to be
analysed further in time to be able to compare it with
the high viscosity case. However, an alignment in
speed can be noted which is similar to the high vis-
cosity case suggesting an eventual synchronisation.

Lastly, sperm bundling caught on camera is a rare oc-
currence leading to a lack of examples to draw from.
A thorough study on the hydrodynamic interactions
taking place between the bundled cells and the sur-
rounding fluid could help enhance the understanding
of the bundling phenomena and allowing a mathemat-

ical model to be created. Additionally, manual track-
ing over several thousand frames with relatively low
resolution can lead to human errors and large times
consumption. Automating the points placement could
increase work efficiency in the future.

5 CONCLUSION

In this paper, high-speed videoscopy and quantitative
image analysis have been utilized to obtain time de-
pendent wave variables that characterize the flagellar
wave of sperm cells when those form a bundle close
to a planar boundary surface. This work contributes
to look, from a mathematical perspective, at the evo-
lution of the flagellar wave of the sperm cells during
transition from single to bundle in a relatively high
and low viscosity fluid. In the high viscosity medium,
sperm cells display synchronization of their flagellar
curvature, bending amplitude and wavelength in order
to increase their linear and curlinear swimming veloc-
ity while reducing their respective force output. Fur-
ther research must focus on finding the optimal wave
variables magnitude from a bigger pool of bundling
examples in order to successfully model a bundling of
soft micro-robots that could efficiently swim in com-
plex fluids actuated by weak magnetic fields. In the
low viscosity medium, the results showed to be not
obvious enough to draw any conclusions that could
help drawing parallels with the high viscosity case.
The lack of such is the consequence of too few data
to work with. In this case, thorough studies of spa-
tial variations within the dynamical system need to be
undertaken in future works.
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A VIDEOS

Two videoscopies of bovine sperm cells where a
bundling phenomena is taking place have been per-
formed. The cells are trapped near a boundary surface
in a high and low viscosity fluid of 7 mPas and 1.2
mPas respectevely. Both videos have been realized
with a camera scaled at 1.15pixel/µm. The sequence
can be observed in Fig.13 and Fig.14 for the high and
low viscosity videos respectively, where each swim-
ming phases are illustrated with 3 frames. The high
viscosity video lasts 5.64s while the low viscosity is
filmed within a time period of 3.91s. The path taken
by the cells’ heads in the high viscosity and low vis-
cosity fluid are displayed in Fig.6 and Fig.7. In the
high viscosity case, cell 1 undergoes 40 beat cycles
while cell 2 performs 45 beat cycles. In the low vis-
cosity case, cell 1 and cell 2 go through 39 and 34 beat
cycles, respectively.



Fig. 6: Path taken by the sperm cells heads in the 7mPas vis-
cosity fluid (from left to right). The Blue curve represents cell 1
while the orange curve displays the path taken by cell 2.

In the high viscosity video, cell 1 is coming from the
right and meets cell 2 from a 90 deg angle. Both cells
form a bundle and go on swimming in a clockwise
fasion following a circular average path.

Fig. 7: Path taken by the sperm cells heads in the 1.2mPas vis-
cosity fluid (from right to left). The orange curve represents cell
1 while the blue curve displays the path taken by cell 2.

In the low viscosity video, cell 2 meets cell 1 from
above on a parallel converging course. Both cells un-
dergo a 180 deg turn before moving on as a bundle in
the opposite direction from which they were coming.

B MATLAB

Matlab is used to manually place 20 points along the
centerline of the flagellum for each frame in order to
extract the tangent angle with respect to the arc length
and time. An snapshot of a frame with the manually
placed points is shown in Fig.8.

Fig. 8: Frame with points placed along the centerline of the flag-
ellum of a cell.

As a result, the flagellar beat pattern for each cycle
can be reconstructed using RFT matlab script which
is based on Friedrich work [9]. Note that the beat
pattern can be approximated as a sine wave and
therefore the reconstructed flagellar wave must match
a sine wave with the appropriate frequency as shown
in Fig.9.

Fig. 9: Approximated beat pattern (blue) matched with a sine
wave (red) with appropriate frequency.



If the matching holds true, the veracity of the wave
variables can be taken for granted. Fig.10 shows the
extraction of the wave variables for one beat cycle.

Fig. 10: Graphs to determine the wave-variables.

Fig.10 shows in this specific beat cycle that the curva-
ture increases along the flagellum, the bending ampli-
tude is at its maximum halfway through the flagellum
length and the rate of wave propagation varies linearly
along the length. It is worth mentioning that the ac-
curacy of the points placements is not always opti-
mal and can have several consequences on the Fourier
modes as illustrated in Fig.11:

Fig. 11: Top: Discrepancies in the fitting curve of the polynomial
fit marked by the red circle. Bottom: Distorted points within first
fourier mode’s absolute value marked here by the red circles.

These mismatches from the polynomial fit often lo-
cated near the end of the flagellum result either from
a lack of accuracy in the points placement or from
an odd beating pattern. In that case, distorted points
within the fourier modes functions must be left out
when taking the fitting slopes so to prevent altering
the wave variables’ magnitude.

C SPIN-ROLLING

C.1 Rotational dynamics during Transition

During the spin-rolling transition phase, we assume
that the heads rotate about the axis e1 × e2 and the
relative rotational motion is resisted by a linear spring
torque with elastic constant κ. Under these assump-
tion, the moment on the first and second cells are:
1M(t) =1Mhead(t) + κ(Θ1(t)−Θ2(t))

+

L1∫
0

r1(s, t)× f1(s, t)ds = 0,
(10)



2M(t) =2Mhead(t)− κ(Θ1(t)−Θ2(t))

+

L2∫
0

r2(s, t)× f2(s, t)ds = 0,
(11)

where 1Mhead(t) and 2Mhead(t) are the hydrody-
namic torque on the head of the first and second cell,
respectively. Note that the hydrodynamic torque on
the head is linearly proportional to the angular ve-
locity as iMhead(t) = 8πµab2iC2Ωi(t). Given the
identical geometry of the sperm heads, here we define
C =1 C2 =2 C2. Combining the above expressions,
we have:

8πµab2C (Ω1 − Ω2) + 2κ (Θ1 −Θ2)

+ 1Mflag − 2Mflag = 0,
(12)

The solution of Equation (12) satisfies

∆Θ(t) =

∆Θ0 −
1

8πµab2C

t∫
0

(
1Mflag

− 2Mflag exp

(
− κ

4πµab2C
t

)
dt

exp

(
− κ

4πµab2C
t

)
,

(13)

where ∆Θ = Θ1 − Θ2 is the difference in angu-
lar position between the heads and ∆Θ0 is the initial
difference in ∆Θ when the heads contact. Further,
iMflag is the moment of the ith flagella and can be
calculated using the third term in Equations (8) and
(9). Therefore, the characteristic time of the solu-
tion (13) is, τ = 4πµab2C/κ, and there is an direct
and inverse relations with the viscosity of the medium
and the elastic constant between the heads. Note
that the difference in angular position ∆Θ(t) con-
sists of two components, an exponential decay func-
tion, exp (−κ/(4πµab2C)t), and a sinusoidal func-
tion, 1Mflag− 2Mflag. The exponential decay function
is a result of the energy loss in low-Re flow and the
spring adhesion, whereas the sinusoidal function is a
result of the energy transfer between the distributed
contractile and the elastic elements of the active flag-
ellum.

Fig. 12 shows the time response of ∆Θ(t) for two rep-
resentative viscosities of 1.2 and 7 mPa s and differ-
ent initial conditions. For ∆Θ = ±90◦, the two heads

align at a faster rate at µ = 1.2 mPa s for the same
elastic constant, as shown in Fig. 12(a). Similarly, for
∆Θ = ±180◦, the two heads align at characteristic
times of 370 and 1500 ms at viscosities of µ = 1.2
and µ = 7 mPa s, respectively, as shown in Fig. 12(b).

Note that propagating waves are mostly in unsynchro-
nization during the spin-rolling transition phase and a
non-zero phase shift is likely to be present between
1Mflag and 2Mflag. Therefore, the time response of
∆Θ(t) is calculated for phase angles φ, as shown in
Fig. 12(c), which show that for all values of φ, the
time response of ∆Θ will be oscillatory with an expo-
nentially decreasing amplitude.



Fig. 12: The angle, ∆Θ(t), between the axes 1e1 and 2e1 decreases exponentially to zero regardless of the initial angle and viscosity
µ. (a) At µ = 1.2 mPa s, measured convergence time from ∆Θ = ±180◦ is less than 1 s. (b) At µ = 7 mPa s, measured convergence
time from ∆Θ = ±90◦ is 3.5 s. (d) The (c) ∆Θ(t) is measured during the three phases for µ = 7 mPa s. (c) ∆Θ oscillates with an
exponentially decreasing amplitude for all values of the phase angles, φ. (d) During spin-rolling, ∆Θ converges exponentially to zero.



Fig. 13: Two sperm cells assemble into a sperm bundle in SP-TALP with a viscosity of 7 mPa s. (a-c) In the far field-to-locking
phase, each cell is influenced by the flow field created by neighbor swimming cells. (d-f) In the spin-rolling transition phase, the angle
between 1e1 and 2e2 is adjusted and the cells are in equilibrium. (g-i) In the steady-swimming phase, the 2 flagella adjust themselves
to undulate in phase. Scale bar is 10µm.



Fig. 14: Two sperm cells assemble into a sperm bundle in SP-TALP with a viscosity of 1.2 mPas. (a-c) In the far field-to-locking
phase, each cell is influenced by the flow field created by neighbor swimming cells. (d-f) In the spin-rolling transition phase, the angle
between 1e1 and 2e2 undergoes a 180 dregrees turn. In the steady-swimming phase, the beat patterns remain out of phase. Scale bar
is 10µm.
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